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problem, i.e. to try to obtain an improvement of the boundary values so
as to make the boundary value problem uniquely solvable and so that the
improvement in some least-squares sense would be as small as possible?

“We have, however, stuck to the traditional formulation of boundary value

problems, used and perhaps relevant in other parts of physical mathe-
mathics, but — at least in my opinion — not relevant here.

This crisis of communication is well understandable. The mathematical
foundation of physical geodesy has been the classical potential theory as
it was, say in the late thirties, which theory is well described in a few well-
known books. After that time mathematics has developed fast and has in
the opinion of many people become an esoteric science. If you want to
know something about modern potential theory you will first learn that
nothing is written today about potential theory, but that this subject is
generalized to the theory of linear elliptic partial differential equations,
and that it is preferable also to read something about linear partial differ-
ential equations in general. But when you see the books you realize that in
order to understand anything in them you have first to read one or two
books on functional apalysis {(and to understand these you must first read
something about topology). Well, after a few years of study you may be-
gin to suspect what a modern poteniial theory would look like and to
see that there really are new things of importance to physical geodesy in
it. But a book on modern potential theory for geodesists could — if it
existed — be read in a few weeks; only such a book does not exist. I un-
derstand why modern books on mathematics are written as they are, but
as a user of mathematics I must deplore it.

As a type of problem that would be treated in a modern book on poten-
tial theory I can mention the problems concerning approximation of
potentials and in this connection stability problems.

1 shall here give a few examples:

We have learned in the classical potential theory that two potentials
which are identical in an open set are identical in their whole domain of
regularity. The new potential theory gives a valuable complement to this
theorem:

Let us consider potentials regular in some domain £, and consider
another domain 2,. For two potentials ¢; and ¢, regular in {2 we
assume that

[ 92(P) — @a(P)| < & for Pelds, 1

where s is some positive number.

L

We must now distinguish between two different cases:

1) The boundary of £ is a part of the boundary of £,.
Then there exists a constant d > 0 so that

[@(P)—@o(P)| <dfor Pe Q2. {2)

2) The boundary of Q is not a part of the boundary of £,.

Then there does not exist a constant 8 so that (2) is satisfied.

From this important theorem many conclusions can be drawn, most of
which are more or less known by geodesists, e.g.:

The upward continuation of the potential (or the gravity) of the earth
is stable and the downward continuation is unstable.

By going to the limit in (1) we see that the Dirichlet problem is stable
but the Cauchy problem is unstable.

The potential at the surface of the earth (or the figure of the earth)
cannot be found from dynamical satellite measurements alone.

These conclusions are just expressed as slogans; the exact meaning can
be found only on the basis of the theorem. Thus the words stable and un-
stable have been given an exact content by (1) and (2).

In 2 parenthesis I should like to say a few words more on the stability
problem in andther connection. We know from the classical potential
theory that both Dirichlet’s and Neumann’s problems have one and only
one solution and that this is also the case as regards the third boundary
value problem, where
A4
- +he &)

an

is given at the boundary, if 2 < 0. But for certain functions A for which
& < 0 does not hold, the values of (3) at the boundary cannot be arbi-
trarily prescribed, but must satisfy certain linear condition(s) for the pro-
blem to have a solution, which is now not unique (Fredholm’s alternative).
If 4 is not given exactly, but for example found by measurements, it may
happen that it has no meaning to say that k is or is not one of the excep-
tional coefficient functions. If this is the case, the boundary value pro-
blem will be unstable,

And now back to the approximation problems.

As far as I can see, the most important point of view introduced in
physical geodesy since the appearance of Molodenskiy’s famous articles is
Bjerhammar’s idea of calculating an approximation of the potential by
collocation, at the points where gravity anomalies have been measured,
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rotation invariance of the auto-correlation function for the potential and
again the rotation invariance for the domain of definition of the potential
itself, independent of the way it is calculated: from Moritz’ formula and
Stoke’s formula, or directly from the generalized Moritz’ formula. Again:
the Bjerhammar sphere.

There is a close connection between the probiem of the Bjerhammar
sphere and the problem of the convergence of series in spherical har-
monics or better the question of approximation of potentials by series
in spherical harmonics, and here I believe we have reached the very
core of the foundation of physical geodesy.

The consequence must be that not only the first two chapters of this
paper but also very much of the work done by physical geodesists all
over the world remain idle formalism until this approximation problem
has been solved,

This is what I have tried to do in the third chapter. Here it appears

that again the theory of Hilbert spaces with reproducing kernel is a
valuable tool and that the central theorem - the Runge theorem - is
a special case of a theorem, known as a theorem of the Runge type, which
is well-known in the theory of linear partial differential equations and
which concerns the approximation of solutions to a partial differential
equation in some domain by solutions to the same equation in another
domain containing the first one. The proof of Runge’s theorem given
in the appendix is a reduction and specialization of the theorem 3.4.3
in [5]. .
As far as I can see, all the problems of approximations of potentials
relevant to physical geodesy are solved or can be solved by the methods
used in the third chapter and the appendix. And it is curious that the
investigations there seem to show that the adjustment method described
in chapter II (or, equivalently, the interpolation method from chapter I)
is the natural way to find the approximation, but the cause of this may
be that I do not know about any other way to obtain an approximation
to the potential of the earth which can be proved relevant.

The last chapter is dedicated to the applications of the method of
approximation treated in the first chapters. I fear that most readers
will feel disappointed by reading the last chapter as I myself felt dis-
appointed when writing it. In the light of the many thoughts and feelings
I have had as to the possibilities of application of the method it seems
very poor to me, But in the less than 18 months elapsed from the first
idea of the method origined until the paper was sent to the printers I

g

4

have had to concentrate so much on the foundation and the studies of
the relevant mathematical literature, that the physical or geodetic aspects
could only be vaguely glanced at. However, I feel that now the time is
ripe for a discussion of this matter and that especially the question
relating to the geodetic applications is best furthered by discussion and
collaboration, and so T hope that the few hints in chapter IV will be
sufficient to start such a discussion,
Forse altri canterd con miglior plettro!
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which is possible if «MQ.& is non-singular. Then the second line in
formula (3) is zero, and the first line has a fixed valye independent of y p;.

If now {Cu} is a positive definite matrix, then the third line of (€))
is>0and is =0 onlyif yp; = 0, 1. . (1) attains its minimum for «pq
satisfying the normal equations

n
2 apkCit = Cpy. (%
k=1

If, on the other hand, ﬁﬁ.ﬁw is not definite, then the third line may
attain any positive or negative value, and Ew cannot have any minimum.

Thus we see that for the least-squares problem to have a meaning the
covariance function C(P, Q)') must be of positive type, i. e,

n

n
M M C(Pi, Pr) X1 Xy > 0, (6)
i=0 k=0

for all sets of » points P; and » corresponding numbers X; » 0, for
i=1,2...n for all natural numbers . It is evident, that only in
this case has C(P, Q) a meaning as a covariance function.

The ap¢ having been found by (5), the predicted valee can be found
by (0) or by

n

Agp = M > Q,m...wv Cpidgs. )]

fm=l ]

If predicted values for several points are to be calculated, it is
most economical first to solve the following set of “normal equations”™

2 &iCix = Agy, (8)
i=1

where £; are independent of P. Then the set of solutions to {8) can be
used to find the predicted values for all points by

- "
Agp = 3 &Cpy. )
i=1

1) 1 regard t he covariance function C(P, @) as a symmetric function of the
two points P and Q and not merely as a function of the distance PQ. This
will be of importance in the following part of the paper. It should perhaps be
noted that ﬁ.—.& means QQU?WHV and O_mu@ means QQU- Py

s

It is evident that (7) follows again from (8) and (9), but (8) and (9)
formulate a problem of interpolation and its solution:

(9): Find Jdgp in the whole region as a linear combination of the
functions C(P,P;} of Pfori = 1,2,..., n, so that

(8): dgp = Agy for k = 1,2,...,n.

On the assumption that C(P, Q) is of positive type this problem has
always one and only one solution.

Having regarded the method from this slightly changed point of view
one gets the courage to try to generalize,

Let us jump into the new problem:

By first using Moritz’ prediction formula with a given covariance
function C(P, Q) we can find Ag p for all points of some surface. Solution
of the corresponding boundary value problem will then give us the
disturbing potential 7. But can we, by using another covariance function
K(P, Q) defined in a domain including the outer space of the earth and
describing the covariance between values of T at the points P and Q,
find the potential T directly from the measured values of Ag;?

Or to put the question in another way: Can we find the disturbing
potential 7" by collocation (i. €. so that the corresponding gravity anomalies
attain a given set of values at given points) so that T corresponds to the
interpolated anomalies that could be found by Moritz’ formula?

I shall prove that this is not only possible but also relatively simple.

Evidently we cannot find the covariance function directly, for to do so
we should have a population of earths similar to our own and have the
opportunity to measure any T for all these earths at ali points. But let
us for a moment assume that by a miracle we were given such a function;
how then could we use it and what can we say a priori about its pro-
perties?

First of all we see that the whole theory about Moritz’ prediction
formula may be used unchanged. Given the values of the potential T
at n points P;, T can be predicted for all points P in the dormain £
where K is valid. The form of (9) will here be

T = 3 &K(PP) (10)
i=1

where £; is found from the normal equations
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Then we can find the error covariance

ope = M {epeq}. (1)

M {(Te - Sarilgi)To - 3 xarlg)}
_ k

= TK (TrTq — 2 apToAg: — 3 aqaTrAg:
i %

il

gpQ

+ xpixopdes A
WW pixgrpdgiAgs 22)

- K(P,0) - Sars ZoK(Q.P)— >aqr ZoK(P.0)
k=1

i=1

+ 2 2apgrELp, Lo K(P, Q).

t=1 k=1

For P = QO this becomes

n non
mw = K(P, P) - MMRWQQPWATM o)+ M M apiapr L p, Lo K(P,Q). (23)
i=1

i=1k=1

If &2 is to attain a minimum, xp; must satisfy the normal equations
i)
HMHRHW nw.m.a n%ﬁm\ﬂﬁ.ﬁu Qv = Qom Nﬂﬁuu @v mNL.v

If the points P; € w, then the coefficients of the normal equations
are C(P;,Px), and the matrix is positive definite so that we can find the
inverse matrix Ny defined by

k)
> Ny Lp, L oQK(P,Q) = du. (25)
i=1
By the aid of Ny the potential can be predicted for any point P in

£2 by the formula

" n n
Tp = 3 2 NaZe K(P Qdg:. (26)
i=1%k=1

The etror covariance for the points 2 and @ is found by
7 ”
ore = K(P,Q) -2 2 NuZpK(P,0)%K(Q,Py). (27
f=1k=1

Also here we can turn the question in another way as in the case of
formula (7):

21

We want to represent 7 as follows

"
Tp = 2 &% K(P, Q) (28)
i=1
for all points in £2 so that for i = 1,2, ..., n (£; are constants)
nmxﬁm.w wam. = h_%..ﬂ. ANOV

This is precisely what is meant by collocation.
Now we get the normal equations

S £ 80, LoK(P,0) ~ dex, (30)

i=1

and once they are solved, Tr can be found by (28). Substitution of &;
from (30) in (28) gives again (26).

It follows from (28) and a) that Tp is a potential, and from (29) and
(30) that it gives the wanted values for the gravity anomalies at the
points P;. So far, we have in fact eliminated the statistical reasoning.
The formula (27), on the other hand, follows only from the statistical
hypothesis.

3. My treatment of the statistical aspect has so far been very loose. I
shall now iry to give it a better foundation.
Let us here, as in most of this paper, regard {2 as the domain outside
a sphere with its centre O in the centre of gravity of the earth and the
potential T, regular in £2, as a stochastic process on £ and invariant
with respect to rotations around the centre O. All functions of two points
P, Q € 0 that are invariant with respect to such rotations are functions
of the distances rp and r¢ of the points P and Q from O and of the angle
w between OP and 0Q. From this follows that K(P, Q) is a function
of not six but only three independent parameters, and it can be found
from T as the mean of
TprTor (31)

over all pairs of points P’ and @’ satisfying

OP = QP

0~ 09 (32)
< POQ = < POQ.
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4. I think that the readers will agree with me that the notation used
till now is rather clumsy. Therefore I have chosen already here to in-
troduce another notation that only later will be theoretically justified,
but which is much more handy. ,

As long as we are interested only in simple interpolation the new
notation is nothing but the classical matrix notation and requires no
justification.

As we can suppose that we are interested only in the interpolated
values at a finite set of points we just need to know K(P, Q) at a finite
number of points, say m points, i. e. we may represent K(P, Q) by a
square matrix:

m —

KP,0): ¥ K

The square » x » matrix K(P;,Qx) is still represented as an m x n
matrix:

n—>

Nﬂ.:m

-

(Kix)

K is obtained from K(P, Q) using a projection matrix L. It is of
dimensions m x n and consists of only 0’s and 1’s with precisely one 1
in each column.

Then we may write:

Kix) | = L

B

25

(xpg) is of the same form as LT:

api. V A

(Tr) is represented by a “long™ vector:

Tp: +~u

and Ag; by a “short” one:

Adgi: | x

I call the vector representing Ag; x, because it may represent not only
measurements of gravity anomalies, but also components of vertical
deflections, pertubations of satellites, and so on.

When we use the method not on a problem of simple interpolation,
but on a problem of coliocation, the dimensionality m is infinite, and
L must be interpreted as a linear operator or, better, as a set of n linear
operators operating at different points. However, I do not think that
the interpretation will cause any difficulties; but it will be practical for
the reader continuously to compare the following example with the
formulae (19) — (30).

The problem to be solved using the new notation is this:

If an interpolation or collocation is wsed on many measurements, the
requirement that the result must be exactly compatible with all the results
of the measurements may have the effect that the result becomes very
oscillating; therefore it is often better to use smoothing than exact
interpolation.

Let us suppose that in addition to what was given in the problem
treated in section 2 of this chapter we are given an n x n variance-
covariance matrix R for the n measurements, i. e.
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Y - mau
ie.
§ = (K- KLTNLK)MTN(y — %), (55)
where
N = [M(K - KLTNLK)MT]-! (56)

This may be verified directly by the weil-known technique of mani-
pulation with partitioned matrices, but it will not be done here as I
do not think the result will be of any computational importance; never-
theless, I find it rather interesting, especially when it is formulated as
follows:

If one has used the prediction method on the result of some measure-
ments and after that made some new measurements (at other points),
then the following two procedures will give the same results:

1) Use the prediction method on all measurements with the original
covariance function.

2) Use the prediction method on the improvements (the new measured
values — the predicted values at the same points) with the a posteriori
covariance function.

at

Chapter 11

The Least Squares Method in Hilbert Spaces

1. In the first chapter I have carried the generalization of Moritz’
prediction formula to a point — or perhaps a little beyond a point —
where some difficulties, e. g. with respect to a simple and consistent
notation, seem to indicate the need for a more powerful mathematical
apparatus,

I have several times stressed that the prediction method may be
looked upon in two different aspects: the original prediction aspect,
where one formally asks for the predicted value at a single point and,
on the other hand, the collocation aspect where one asks for an inter-
polating function as an entity. Perhaps we can say that the first aspect
is a discrete or finite one, while the second is a continnous or infinite
one; therefore, it is not very surprising that we have to use methods
from the functional analysis in order to make more extensive use of the
second aspect.

The form of the normal equations for the second aspect (I, 8) seems
to indicate that the interpolating function is a result of an adjustment
problem. When we introduced the new notation, we saw that in the case
of ordinary interpolation the notation was the ordinary matrix notation,
provided that we asked for the value of the interpolating function at a
finite set of points only. Let us first investigate this special case to find
out which quantity is minimized.

Let us try to find an m-dimensional vector # so that r, say the first
n of its coordinates, equal the n coordinates of the n-dimensional vector
x and so that

tTGt = Min ()

where G is an m x m-dimensional positive definite matrix. The first
condition can be written
Lt = x, (2)
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also converges, we define

el - M\w m

, (17)
then our definition is consistent with (9). We shall adopt this definition,
and call the set of all such f Hg.

Hx is a linear space, i. e. for f,g € Hg and for a being any number
f+geHganda- fe Hg.

Let us for f,g € Hg define the scalar product {f,g> by

2 b = Nf+gllP =10z —1lgl2. (18)

It is evident that {f,g> = (g,f>, that the scalar product is bilinear,
and that

A2 = <A 1. (19
If {f,g> = 0, we say that f and g are orthogonal.
For
S =¢n+¢n

we find by (18)

LAIE = llon + emll® = [ @ull® + llpmll® + 2{@n, pm)>  (20)

and using (17)
1 1 1 1

st = —+ — 4+ Wgn, pmy form+ n (21)
\ﬂa \ﬁ»ﬁ k3 m
and
4 2
— = — + 2{gn, pap form = n. (22)
Nﬂa_ i
Equation (21) gives
Aﬁuﬁu ﬂsv = Ou for m + n, Ava
and (22) gives
1
Hoall* = {pn,pa> = P (29)
”n

which shows that @,,¢,, ... is a system of orthogonal functions.
As a function of ¢ the covariance function K(P, Q) is an element of
the space Hx and for f being any element of Hx we can calculate

"

33
K, Q. AD = < Skntn(Pon(@), 3 fmpm(Q)
=3 Skn/nonP)pa(Q), pm(Q) 25

1
HM\ﬁa\.ﬁﬂaTUv.IM = 2 fapa(P) = f(P).

Specially for (@) = K(Q, R) we get
Ahﬁ.mvu nvu hﬁm_»&vv = Nﬁwu&c. ANQV

What we have found so far may be summarized as follows: The
covariance function given by (10) defines a Hilbert space Hx consisting
of the functions f satisfying (16) — (17), and K(P, Q) is the reproducing
kernel for Hgz. From the theory of Hilbert spaces with kernel function
it follows that it is not necessary to demand the convergence of (16} —
it follows from that of (16.5),

As to the rotation invariant case we have found the form of the
covariance function (I, 34):

@ NNu n+1
K(P,Q) = 3 (2n + D4, Pyr(cos w)
n=0 rprg
(27
o hm n+1 n
= M xm.a M m§§ﬁﬁﬁupﬁvm§§—Am©u anvu
n=0 Fprg me=—n
where A, > 0, and I have defined
Enm(8,2) = Rum(8,2) for m = 0; @
.mﬁsﬁ@u\‘c = .wmﬁ%uﬁmu&-v m‘OH m r.ﬂ.. O.
Hpg consists here of all functions of the form
7 N»-. n+1
fBY = 37 3 fam{— | Eum(6,4), (29)
n m=-n rp
for which
: , & fam
nreE =2 2 == (30)

" m=—n ;Aas
converges. » ’ denotes here and below that the sum is to be taken over

13
the set of n for which 4, > 0.
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because

[A(ATA) IATE = A(ATA)TATA(ATA) TAT = A(ATA) AT, (42)
The operator of the normal equations (39) is non-negative definite:

{x,ATAx>, = 0 for all x € H,, 43)
because
(x, ATAx), = (Ax, Ax); = || Ax]i% = 0. (44)

The operator 474 is symmetric:

(ATAT = ATA. (45)
The second problem:
Given a bounded operator B: H, - H; and an element b € H,., Find
such an element x € i, that
Bx = b (46)
and that
[1xHl 47)
is as small as possible.

ATn_mxu_“.w
Any x € H, can be written as
x =BTE 4+ y (48)

with a suitable £ € H, and y € H, so that y is orthogonal to BTs for
all s € H,, that is
0 = (BTs,y>, = {s,By», for all s € H, (49)

By =0,

or

37
Now (48) and (50) give
Bx = BBT! + By = BBTE, (51)

The condition of x, written in the form (48), satisfying (46) is that

& is determined by
BBTE = b, (52)

If BBY, which definitely is symmetric and non-negative definite, is

invertible, we have
& = (BBT)- b, {53)

In (48) x is expressed as a sum of two orthogonal elements of which
the first is given; the norm of x therefore attains its minimum for y = 0,
and we have the solution:

x = BT(BBT)-1p, (54)
For the minimum value {|x]|, we have
{BT(BBT)~1p, BT(BBT) 1h>,
{BBT(BBT)~'b, (BBT)1b), (55)
<b, (BBT)~1b>,.

111122

If

I

As in the finite-dimensional case we can also here define and solve
the more sophisticated mean squares problems.

There is a method of including in the two problems treated here
problems that look more general by using direct sums of Hilbert spaces.

For two (finite- or infinite-dimensional) Hilbert spaces H, and H,
we can define a third Hilbert space Hy:

H. = H & H, (56)
called the direct sum of the spaces H, and H,. It consists of all ordered
pairs

{(x1, x3) (57

of elements x, € H; and x, € Hy, and the scalar product in H,; is
defined as
{1, x3), (1, ¥a0+ = {X1,¥01 + Xz, V0. (58)

If we have a fourth Hilbert space H, and an operator 4: Hy — Hy,
it will often be practical to partition A:
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If we have another element y of the same type

g
= {2y 73
y=a (73)
we can define the scalar product
%002 = {f. 8> + v Pu (714
and the norm
lix Il = <x, xDa0. a5

Now we have defined the space H,.
H, is the space of the measurements, i. e. the n-dimensional Euclidean
space, and the operator B: H, — H, is defined by (69) or by

Bx

I
o
b~
I
-
S

_____ -Lf-v, 76)

where I, is the unity matrix in H;.
The problem is now: Find such an element x € H, that

Bx =b (46)
and that

[EIP (@7
is as small as possible.
We first have to find the normal equations

BBTE = b, (52)
but what is BT?
From the definition of transposed operators it follows that BT;
H, - H, is given by the equation

(Bxg, %101 = {X2,BTXy), (7D
for al! x, e Hy and x, € H,, or if we write

Xy = f2 (78)

and

BTx, = —E ,YyEH, z€eH, ()

LA

41
and use (74) and (76)
Lfy — vy X1 = {fas > + «.m_m.n (80)
or
o LTx1)> — (e, X0y = {fo, ¥0 + (¥, P23y (81)
Equation (81) will only hold for all x,, that is for all f; and v,, if
y=LTx, (82)
and
z=-—P1lx,, (83)
ie.
LTx, LT
BTx, = TRy =\ Xq. (84)
Then
LT

BRT — .mh - Naw et = LLT 4 P-1 (85)

_pa

where P-1 is the variance-covariance matrix R of the measurements. If
this matrix is a diagonal matrix, as it is commonly assumed to be, it
will have an ameliorating influence on the condition number of the

normal equations
(R + LLT)E = b. (86)

The solution to the problem is now given by

x = BTE (87)
or more explicitly
F=LTE v = — RE (88)
Equation (55} gives here

(IxH3 = AN + vTPy = BTE = bT(R + LLT)-'b.  (89)
The reader should carefully compare this solution of the smoothing

problem with that given in the first chapter (I, 38 — I, 51).
The same problem could also be solved as a problem of the first type.
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From (10) it follows, at least formally, that for either P or Q being
fixed K(P, Q) is a regular potential as a function of the other variable.
A straightforward differentiation will verify that. Therefore, we have that
for a fixed P € X' K(P, Q) as a function of 0 is a member of the set S,

Now we may calculate the scalar product of X(P, Q) and a potential
ﬁ@ €S. Here we shall only use the values of K(P,Q) for Qca, in
which case r¢ = R and X(P, Q) has the same values as Poisson’s kernel.
Therefore, the scalar product is exactly the right-hand member of (5)
and we have u

KPP, Q). /Q)> ~ ¢(P),for Pe X. an

i e. anu. Q) is the reproducing kernel for the set S of potentials,
SE.,._H the metric defined in (3) S is not a Hilbert space, but only a
pre-Hilbert space, i. e. not every sequence

{va} vueSforn =0,2,.
for which

lim [|yn - pall = 0,
N —> 0o
has a limit v € §. Therefore we shall complete § to a Hilbert space H
which can be proved to consist of potentials regular in X and rms.umu
mm:mao integrable boundary values on o. For this Hilbert space K(P, Q)
is the reproducing kernel. Now the values of the integrals in (2), (3),
m.ﬂn. H.HEmﬂ be understood as the limits for r > R, r = R of the correspond-
Ing mtegrals over spheres with radius r,
If we define the functions with two indices

m=-n-n+1,...,,n-1,
{omP)} "
n =012 ...,
by
R\
. Rom(Q@p,Ap) for m > 0;
mepy _
P (P) = R\nt1_ (12)
- Sam(Qp,Ap) for m <0,

where Rym and Sy are the fully normalized harmonics [4, p. 31}, then
we can write (10) as follows:

kPO =3 S oP)e™OQ), 13)

=0 m=—n

o

45

which shows that the spherical harmonics {¢f} form a complete
orthonormal system for the Hilbert space H. This means that every
@ € H may be represented by a series expansion:

p(P)= 5 3 aven(p). for PeZ, )

=0 m=—"n
QN_. = Aﬂ. ﬂ.“«av QMV

This, however, is to be understood in the sense of convergence in the
Hilbert space metric
N n
lim |lg(P)- > 2 apeR(P)I =0, (16)

N—>w a=90 m=—-n

where

and we want a theorem which secures uniform convergence of the series.
Fortunately the theory of reproducing kernels may help us here. For
every w € H we can write

[@(P)] = | <{v(Q), K(P, Q)| < llpll - 1K(P, O)ile

7
= llpll - <K(P, Q) K(P, QDY = ligll - K(P, P)};

here we have used the fact that K(P, Q) is a reproducing kernel, Schwartz’

inequality, the expression of the norm by the scalar product (the index Q

signifies that the norm and the scalar product are to be understood with

respect to Q) and once more the fact that K(P, Q) is a reproducing kernel.
Let us use (17) on

N

lle(P) - 2,

nn=0m=—-n

a k3

$ meme -1 53 %&S_;
aﬂ_z.: m=-% Cmv
(33 @, _
=N+l m=—n
to get

N n @ )
p(P)—~ 3 3 dlelPl<( 2 3 (@K@ P (19)
n=0 m=—n n=N+1m=—n

A simple calculation gives that
Rrp

K(P,P): < —
0 < K( )= R

V2, (20)

and then (19) shows that the series (14) converges uniformly for all P

so that rp > ry > R. 21
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in a three-dimensional space. It corresponds to a uniform mass distri-
bution on the line

(34)
and is only a function of x and y. It is elementary to show that it can
be expanded into a serjes

Q0 o n
® = 2 agrtcosn @ cosni = an_Qu+.emvmnom§G&

n=0 n=0
or
@ = 2 burn P (sin §) cos ni. (36)
7=0
(Pr(sin6) = (- D»1-3-5. . (2n + 1) cos nf). (7

Neither the potential ¢ nor the coefficients in (35) or (36) depend
on the coordinate z; therefore the series (36) will be convergent in the
wu&bmﬂ. with x = 0, y = 0 as axis and with radius 1, If we make an
mversion with respect to the sphere

Bry+z =1, (38)
then
1 /x y =z r(r* - x)
eunu 228) = ~pl -, —,—| =
O0:2) = ~g| ) Rl e (39

Is also a potential, and it is regular at infinity. The series expansion
of @ corresponding to (36) becomes

e 1
& uawcw.a prs 7P (sin 0) cos nd, (40)

Eﬁ.or therefore will converge at all points of the space outside the torus
into which the cylinder is transformed. The torus is that described by
the circle:

(-3 +z - §:

y=20
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when its plane is rotated around the z-axis. By using the idea of this
example it is not difficult to construct other expansions into spherical
harmonics that converge in regions that are not spherical. I have never-
theless still the feeling that normally the limit sphere bounds the region
of convergence, but this question requires a closer study.

The criterion given here for the limit sphere is merely a theoretical
one, as the limit radius can only be found when ali the coefficients of
the series are known. Therefore, we must have a criterion that can give
more practical information.

From the above it follows that outside the limit sphere the series
represents a regular potential, provided that the radius of the limit
sphere is smaller than the radius of the smallest sphere containing the
points at which the originally given potential was undefined or irregular,
In other words, the series gives an analytic continuation of the potential.
It is a well-known fact that the potential of a homogeneous sphere can
be analytically continued to the whole space except the centre and that

the normal potential of an oblate ellipsoid of revolution can also be
4
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I know that here many geodesists will argue that we may use the
series without knowing anything about their convergence. I must confess
that I do not understand what they mean by the little word “use”.

Let us take an example. Let us regard the “Poisson kernel” (7). It
has a singularity at the “north pole” — rp = R, v ~ 90° — and is regular
at all other points in the space. For the singular point the series gives

> (@2n+1). (41)
n=0
The sum of the first N members is N2, and this is all right; for all other

points of the sphere, r» = R, the kernel is zero. But for the “south pole”
- = — 90° - the series gives

2 (- D2n + 1), (42)

n=0
and the sum of the first N members is (— 1)V +1- N,

. . R

For a point having rp = — and » = — 90° (¢ > 1) the series gives
e

2 (= )™2n + 1)-om, (43)
=0

and the sum of the first ¥ members is

1-—g+(-DVe®¥2N +1 + 2N - 1)g®)
(I +ep

44

How can you “use” such a result?

I see very well that if we multiply the kernel by a small constant and
add a dominating “normal potential”, then it is a simple task in the
resulting series to “filter’ the disturbing part with the increasing coefficients
from the well-behaved part with decreasing coefficients. But if we happen
to be interested mainly in the disturbing potential, how are we then to
*‘use” the series?

I do like this example very much, so I ask the reader to have patience
enough to follow an other experiment with it.

The series (7) may be written like this:

a0 .N n
Fy = > (2n+ )| —| Py(cos v). {43)
70 rp
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‘We define another series

=]

wz+_-a+p
m.n %I m.oom,mwo. Am
pMINi;qu :
n=0
1t is evident that for 2 == 0 F; = F,, and it seems likely that for small
A F, should approximate Fy; in fact we have:

= 1 R\®+1
Fo-Fl<SCn+1-—|[= Po(cos
1~ B < Sen o 0l1- el (2] 1 Paeos ) )
o gn+1; [R\#+1 @)
S+ (2}
Wcﬁ L S ey | .

For every fixed rp > R the series in the second line is uniformly
convergent for A = 0, and, consequently, it represents a continuous
function. As this function is zero for 4 = 0, we have

lim F; = F, for rp > R. (48)
A0
The interesting thing is that for 4 > 0 the series for F; (46) is convergent

R . .
outside a sphere with radius 5 and not R as in the case of the series for Fy,.

It is not difficult to see that the method used in this example can be
used generally to solve the following problem:

Given a potential ¢ defined in the space outside a sphere ¢. Find a
sequence of potentials {@s} regular outside a sphere concentric with
o and with half the radius so that for all points outside o

Iim ¢ = ¢. (49)
= 0
If from the series expansions for the potentials Aﬁav we take only
the members up to the #’th degree ¢’», then we also have
lim ¢, = ¢, (50)
o0
and here we have an approximation of ¢ by “polynomials” of spherical
harmonics (i. e. series with a finite number of members).

We have seen a very important new aspect of the instability of con-
vergence for series of spherical harmonics. We saw before (Moritz’
theorem) that in the vicinity of every potential which can be expressed
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Here A, is a scalar operator, i. €. an operator indicating multiplication
by a scalar, and thus identical with its transpose so that

ATA,p = we (60)
For the restriction v of  to 2 we have
Y(Q) = <K(Q,P), y(P)x for QeQ,PeZ, (61
which follows from the trivial fact that
v(Q) = 9(Q), for QeQ, (62)

and from the defining property of the reproducing kernel K((3,P).
To find the transpose A7 we remember the definition of the transposed
operator (IL. 36) and write for £ € Ho:

ATEQ), 9D = (), A(pQ)
- [6@<K©@.P). y(Prdvg = < [£0)K(@, Prdwg, (P, €

5o that
ATE(Q) - [HOK(Q.Pywe for Qe Per (4

follows,
Now we can write (59):

1
—p(P =
7% V+M§@5©,3a§ Mﬁ@h@.mvme? 65)

Qe PelX,
Let us define & € Hg, by
Q) = 9(Q) - wO); (66)
then for P, Q €.Q (54) becomes

EP) 1 1 [ K(Q,PYE(Q)dg ~ o(P). ()

. Equation (67), which is analogous to the normal equations, is an
integral equation. As we shall see, £(P) can be found from (67), and
then 9(Q) can be found by

57

wQ) - ¢(Q) - {Q) (68)
for Q € Q; for Pe X w(P) can be found from (65):

w(P) ~ »?6“329%0 for PeX, 0. (69

The integral equation (67) is a Fredholm integral equation of the
second kind with bounded continuous positive definite symmetric kernel.
Normally such an integral equation is written with a minus and not a
plus before the 4, and then one of the many elegant theorems on equations
of this kind shows that all the eigenvalues are positive or zero; therefore
(67) can have no eigensolutions for positive 1’s. So for a given ¢ it
will have a unique solution £ for every positive 4, and then by (69) also
v will be uniquely determined, and the least squares problem (52) has
been solved.

But what does that mean?

Let us start with a “small” A > 0, and let then A increase. Then we
may expect to find potentials ¢ € Hy which, in Hy, approximate ¢
better and better so that in the part of 2 outside £ y increase and, if
we have luck,

Hy — ellog >0 for A-> =, (70)

I shall prove that this is in fact so, and for the proof I shall use the
theory of integral equations and Runge’s theorem.
Let the homogeneous integral equation

D(P) - iﬁm.wve@%o —0;P,QcQ (71)

have the eigenvalues ?aw and the corresponding eigenfunctions Aﬁaw 3
we may suppose that
O<Ai=d,=4;3<.... (72

and that the eigenfunctions are normalized and orthogonal so that

1 for m = n;

{Pu> Pmpg = (73)
0 for m # n.

The eigenfunctions {gs} are only defined in £, but they may also
be defined in 2 and on ¢ by
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e series in the right-hand member of (90) is unifo.
i iformly co
in A for 4 > O since (90) is rmly convergent

215 = llelip ©én

Au
Ag + A

and

<1 for 2>0. 92)

However, every member of the series converges to zero when 1 > «
and, therefore, u

lim ||o(Q) - v(Qllp = 0, 93

Ao

from which uniform convergence follows in the usual way (17)
If we put .

v = > Pugn, (94)
we find from (69) "
A
P, = S 95
or A + 2 (95)
(P) - A |
»(P) = M s he®), (%)
and »
\.w 2
iyl = > ()72 )

n

Only if the series X'f? is convergent, i. e. if the definition of @ can

_uo. extended to X, does the series in (97) converge for 4 - ., Only in
this case does .

»_H.w“se @ 98)
hold in Hy. y(P) does not in general converge for A - « (for Pe X
but not &), as can be seen from the example (46).
. Zﬁ.ws we have -~ at least theoretically — solved the problem of approx-
mmation of potentials down to the surface of the earth by potentials
Hnmu._mu down to a Bjerhammar sphere and thus given a sound mathe-
matical foundation of the method described in the previous two chapters
Moreover — as far as I can see — only this method presents a way HL

which one can find such approximations from physical measurements
of the effects of the potential.
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The proof given here of the convergence of the function g for 4 + o
might be used as a model for proofs of the convergence of the results
of the application of the adjustment method on concrete problems in
physical geodesy, provided that the number and the quality of the
measurements increase until we have enough exact measurements.
However, I shall not give such a proof for any practical case here, because
1 do not really see the value thereof. I believe that sufficient information
about the reliability of the results can be found by means of the statistical
method mentioned in the first chapter. The important information that
Runge’s theorem gives us in this connection is the method of approx-
imation, which does not introduce any form of systematic error in

the result.

4. Before leaving the question about the convergence of series of spherical
harmonics I should like to advance a few naive considerations.

It has often been said that generally the convergence of series of
spherical harmonics is slow. (I often wonder if those who say so have
ever tried to calculate e~ using directly the very well-known power
series for e* which converges for all x).

The reason why the series of spherical harmonics used here are so
slowly converging is rather that the functions we want to represent are
very complicated (i. e. contain a large amount of information) than that
the spherical harmonics are not well suited for the set of functions in
which we are interested.

If we try to describe some function defined on a sphere by a series
of spherical harmonics of up to the 36th degree, then we must have
362 = 1296 parameters, but we cannot expect that details of a magnitude
less than 180°/36 = 5° can be sharply mapped. If we want a more detailed
mapping, the price to be paid is more parameters and this is relatively
independent of the type of function used for the mapping. By local
interpolation it is of course possible to map much smaller details by a
suitable choice of the 1296 first coefficients in the series, but then we
are to expect a very “wild” behaviour of the series outside the local
domain in which it has been forced to follow the details.

After this warning I shall say something about criteria for the choice
of kernels and the corresponding metrics.

There exists an infinite number of metrics symmetric with respect to
rotation for sets of potentials regular outside a given Bjerhammar
sphere and having corresponding reproducing kernels. One of them was
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1 {1/R\#+i+2
= Ifm - {G+ 1) +1) + i@ + 1)} EFEL sin 0d6dA,
u.ﬁ.

X
G+DE+j+D( L Ri+I+2dr
B — EFE; sin0d0d2, Tirie (106)
R
2i+1
1 T for i=j k=1
= ({E+ DG+ 7+ 1)8s5 6 — = 2
2i+2
0 in all other cases.

We can now write:

o0

2R R2 \i+1
AN » Phn = QM Pi(cosy),¢b>, =

refg
) i=0 1on
@ i PH@.O), - AP
i=10
2R . . .
and so we have proved that I is the reproducing kernel in the Hilbert

space Hj with the scalar product ¢ ,>z.

This chapter will be concluded by a short discussion of the important pro-
blem: how to choose the metric (or the kernel) for practical computations.

The most obvious idea is perhaps to use as kernel the finite series of
spherical harmonics which corresponds to Kaula’s expansion of the
correlation function C(P, Q). [7]. (In Kaula’s publications one of the
coefficients in this expansion is negative, but it cannot be 50; is it an
iterated printing error?).

But if one uses a kernel with only a finite number of members, one
has limited the solution to a finite-dimensional space consisting of
potentials expressible by spherical harmonics of the same degrees as
those occurring in the kernel. To get good local results one, consequently,
has to use a very large number of members.

Another possibility is to use a kernel with a simple closed expression,

2R 2R

o.m. 7 AOH A multiplied by a suitable constant). If the radius R of the

Bjerhammar sphere is chosen a few per cent smaller than the mean radius
of the earth, a good local approximation to Kaula’s correlation function
is achieved.
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As far as I can see the best thing to do is to use a combination of

2R . .
these two ideas, i.e. 7 multipied by some constant + a correction

consisting of a finite sum of spherical harmonics so that the corresponding
correlation function is sufficiently similar to Kaula’s correlation functicn.
The scalar product will then be a coastant multiple of {, >z + a cor-
rection which is simple to calculate, but as the scalar product is not
explicitly used in the calculations I shall not give the result here. m._...oE
a theoretical point of view the important thing is that since this correction
is finite, the Hilbert space corresponding to the corrected kernel consists
of the same elements as does Hr,.
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in other words (I10) has to be satisfied for all points of the tel-
luroid.

Equation (10) is the correct form of the boundary conditions for T
in Molodenskiy’s problem.

The boundary value problem for T"is not one of the classical boundary
value problems for potentials, i. e. problems where the potential, the
normal derivative of the potential, or a linear combination thereof is
given at the boundary. Qurs is the so-called oblique derivative problem
where a linear combination of the potential and the derivative of it in
some direction is given at the boundary. It can be proved that the di-
rection in question is that of the normal line through the point O,
the normal line being the curve consisting of points having the same
normal coordinates as Q; the normal lines are approximately vertical.
If this direction does not at any point of the boundary coincide with
the direction of a tangent to the boundary at the same point and if for
the whole boundary the direction is to the same side of the boundary
surface, then we have the regular oblique derivative problem, provided,
however, that the boundary surface and the coefficients in equation (10)
satisfy some very weak regularity conditions.

The oblique derivative problem is in general very complicated, but
if it is regular it has been proved ([5, p. 265], [2, p. 82]) that the theorem
called Fredholm’s alternative applies. Since we have a certain liberty in
choosing the mathematical model for the surface of the earth, we can
and shall assume that we have to do with the regular oblique derivative
problem.

Fredholm’s alternative runs as follows:

Either

a) there is no regular potential T different from zero which satisfies
the homogeneous boundary value equation corresponding to (10) (i. e.
(10) with the right-hand member equal to zero); if so, (10) has for all
right-hand members a unique solution T that is a regular potential
{outside the boundary surface)

or

b) the homogeneous problem has a finite number » of linearly in-
dependent solutions; if so, the inhomogeneous problem is solvable only
if the right-hand member satisfies » linearly independent linear homo-
geneous conditions, and then it has # linearly independent solutions so
that the difference between two arbitrary solutions is a solution to the
corresponding homogencous problem.
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In pure mathematics it makes good sense to work with clear alter-
natives — in applied mathematics and in numerical mathematics the facts
are more blurred. There we often have a situation where it is practically
impossible to tell whether we are in case a) or case b); we have the
same situation when we are to solve a system of linear algebraic equations
so that the coefficient matrix has a “small” eigenvalue: the system is
unstable — a “small” change in the input values may cause a change
in the result that is not “small”.

To find out which case applies to Molodenskiy’s problem, we shall
first consider the simplified sitvation where we have a non-rotating planet.

Here the normal potential U is regular also at infinity as are all its
derivatives with respect to the Cartesian coordinates; thus,

oU aU U

ix, Ox, Ox,
are regular potentials. Y

If in the left-hand determinant of (10) we substitute . for T, then
Xn

the first and the % + 1'th column are identical and the determinant

. . oU . :
vanishes, i. e. F. is a solution to the homogeneous problem corres-
Xh

ponding to Molodenskiy’s problem for & ~ 1, 2, 3; that is to say we
are in case b) with » being at least three,

Let us first suppose that n = 3.

Then, if the boundary value problem has a solution T, — and so it has
if the gravity anomalies satisfy three linear equations —,

T-Ty+a—+b—+c¢c— (11)

is a solution for all values of @,  and ¢, and we may choose the constants
so that the gravity centre for T coincides with the gravity centre for U,
i. e. so that the three first-order members of the expansion of T into
spherical functions in the vicinity of infinity vanish.

For n > 3 the anomalies must satisfy more than three conditions, but
if there are solutions, there will always be such which have gravity
centres coinciding with that of the earth. However, the solutions will
be n — 3 times indeterminate.

Now we shall discuss the interesting case where the earth is rotating.
Let us fix the coordinate system so that the origin is at the gravity
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But still more attractive is it to use this method on an integrated
adjustment of dynamical satellife measurements and measurements rTe-
ferring to the potential at the surface of the earth.

I cannot write down yet practical formulae to be used in such cal-
culations; I think that special research work is needed on this problem
and I can only offer some theoretical comments on the question.

It is important to remember that the disturbing potentials T and R
used for measurements relative to the surface of the earth and to the
satellites respectively are not the same, but as the difference between
them is known, this fact does not cause severe difficulties, Also the
slightly more complicated case where the difference is not completely
known but is dependent on one or more unknown parameters may be
dealt with by leiting these parameters enter into the adjustment as
unknowns. This problem is perhaps not unrealistic.

As a starting point for the discussion of the explicit form of the normal
equations I take the formulae from [6]:

da 2 dR
dt  nadM’
de 1-e2 3R (1-eD)tdR
dt  nate M  na%e o’
do cosi OR N (1 —e®t 8R
dt  na*(l — eksini 8i  nate e a4
di _ cosi dR 1 aR
dt  na*(l — edisini o nat(l — eAbsini 0L’
aQ 1 oR
dt  na(l - eHsini di
aM 1-e3R 28R
dt - nate 0e nada

2z

Here, as in the previous problems, the operations on the right-hand
sides of the equations (14} are not be performed directly on the disturbing
potential R but on the reproducing kernel with respect to the first point

2R
P or the second point Q. If the kernel is given explicitly, e. g. as « - I

it is not difficult to express it by the elements corresponding to the two
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points P and Q and perform the differentiations. If the kernel contains
correction members in the form of spherical harmonics, the differential
coefficients with respect to the elements can be derived in the traditional
way or by using the generalized spherical harmonics [12], [3].

Now, if we could measure directly the rates of variation of the elemeats
in short intervals of time, then the problem would be solved, but we
can only find the resulting perturbations during long intervals of time,
and, consequently, we have to use integrations or mean values. This
situation, however, is not pecular to our problem, so it should be possible
to overcome also that difficuity.

The most severe draw-back of the method is that it results in very
Iarge systems of normal equations — one equation for each measurement -
and that these equations are not sparse, as are for instance the normal
equations used for the adjustment of geodetic networks. It is a consola-
tion that the matrix of the normal equations is positive definite, so that
the equations may be solved without using pivoting, and that the adjust-
ment procedure — like adjustment procedures in general — is relatively
simple to automatize.

I believe it is necessary to find some trick that may reduce the number
of normal equations or at least the number of coefficients different from
zero; I have some ideas in this respect, but I think it is too early to go
into computational details.

The adjustment technique introduced here is a typical data-processing
method giving a formally correct result which is absolutely independent
of the meaning given (or not given) to the input data. It is in my opinion
a dangerous draw-back of this method, as of all adjustment methods,
that it gives an answer to even the most foolish question if it is only
asked in a formally correct way.

Therefore, I hope that the time gained by this and other forms of
mechanization of tedious calculations will not be used exclusively for the
production of more figures but for a better formulation of the problem,
so that the questions we ask may be more realistic, from the physical as
well as from the numerical point of view. I think that some of the thoughts
expressed in this paper may be helpful in that respect.
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St = [fifud0. ®
£2

Since functions of the type of f in Lemma I are dense in H, we have

Lemma 2. In the Hilbert space H any element orthogonal to every
potential y regular in X and restricted to £ is orthogonal
to every element ¢ of H that is a regular potential in £2.

Now, according to the elementary theory of Hilbert spaces lemma 2
implies:

Theorem 1. Any element ¢ of H which isa regular potential in 2 can
be approximated in the strong topology in H by restriction
to £ of potentials ¥ regular in X

But what we wanted was not a theorem on approximation in the
strong topology in A, but in the uniform topology on all closed subsets
of £2.

If for a moment we assume that the elements ¢ of H which are regular
potentials in {2 form a Hilbert space, say H,, with the reproducing
kernel K(P,Q), then we can deduce the following theorem using a
technique used already in chapter III.

Theorem 2. Any element ¢ of H, (i. e. any ¢ of H which is a regular
potential in &) can be approximated uniformly on all
closed subsets of £2 by restriction to £ of potentials ¥
regular in X, so that also any derivative of ¢ with respect
to the coordinates in £ is uniformly approximated by
the corresponding derivatives of the #'s on the same
closed subsets of 2.

Corollary. By using inversion with respect to the sphere X this
theorem gives a strengthened form of Runge’s theorem,
at least for ¢ € H,.

Proof of theorem 2: For a function f(P) that is an element of a Hilbert
space with reproducing kernel X(P, (), we have (cf. (IIL. 17)):

[F(P) = 1<f(D), K(Q, PRI = II£1l - |IK(2, Pl

9
= I/l -<K(P, O),K(Q, PPt = || fI}- K(P,P)} ®

and

77
0
IV _eran, -2 ko, py| <1711 | K (0, P)
@.Hmu P m.x..hu QHW Q AHOV
OK(P,0) OK(P,0) 4
R e

as well as similar formulae for the higher derivatives. From the properties
of the reproducing kernel and the boundedness of £2 it follows that

CK(P,0), K(Q. P)},

is finite. From the same premises and from the fact that K(P,Q), a
function of P or 0, is a potential regular in £ it follows that the same

applies to
OK(P,Q) OK(P, Q) %
axp = Bxp 9

<

and also to the higher derivatives of the kernel.

Now, from theorem 1 it follows that, given a ¢ € H,, we can find a
sequence {gn} of potentials yn regular in X so that for every ¢ >0
there is such an N that

llg — wall (& for m) N. (11)

By putting f = ¢ — ¢» theorem 2 follows from (9), (10), etc.

In order to get rid of the restriction that ¢ must have a finite F-norm,
we may use the spaces H, instead of H. For any twice continuously
differentiable positive function defined on {2 H) is given by the scalar
product

fig>w = [ P(PYS(P) ¢(P)AQ 12)
2
and the corresponding norm
171l = { [ p-r2a@). (13)
o

Given any potential ¢ regular in £, we can find such a p that

¥ e H I
(Take p = (1 + ¢3 ).
The reader is invited to prove lemma 1, lemma 2 and theorem 1 for
H, instead of H, which is quite simple. Then the restriction is removed

and Runge’s theorem is proved as soon as we have proved:
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Equations {18) and (19) now give
?:(P) = ¢(P) (24)

almost everywhere for ¢ sufficiently small (dependent on P).

But a consequence of (24) is that ¢ is equivalent to a function which
is n times continuously differentiable. For n = 2 this means that we may
deduce (14) from (15), and we have Weyl’s lemma.
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