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L’équipe Géodynamo Grenoble: 20 ans!

N. Gillet, circa 2006; L’équipe Géodynamo ski excursion, 2010.
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Motivation: Secular variation at low latitudes
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• Modern geomagnetic data: ground observatories & satellite data (CHAMP, now Swarm)

• Strong secular variation at latitudes below 30 degrees, esp. under Atlantic hemisphere

3 DTU Space 20yrs Grenoble Geodynamo Team, Autrans 2017 18.5.2017



Motivation: Secular variation at low latitudes
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Fig. 11 Secular acceleration (SA) at the core surface (degrees 1 to 8 only) in 2006.2 (top), 2009.2 (middle) and 2012.9 (bottom). Maps are in
Hammer-Aitoff projection, units are microtesla per year2 (µT/year2)
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• Localised secular acceleration pulses [Lesur et al., 2008, Olsen and Mandea, 2008]

• Compatible with non-axisymmetric azimuthal flow fluctuations [Gillet et al., 2015]
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Motions in a rapidly-rotating sphere

• Consider an inviscid, incompressible, fluid in rapid rotation and subject to an
impenetrable spherical boundary condition [Greenspan (1969)]

∂u
∂t

+ 2ez × u = −∇p, ∇ · u = 0, er · u = 0 at r=1. (1)

• ’Inertial’ mode solutions to this problem take the form [Zhang et al., (2001)]

uI = ûM,N,nI (s, z) ei(Mφ+2iσt), (2)

for both ES and EA symmetries, characterised by 3 integers M , N and n.

• The slowest ES inertial modes, for given M,N are known as ’quasi-geostrophic’ modes.

• To form a complete basis, the inertial modes should be supplemented by geostrophic
modes, for example of the form [Liao and Zhang (2010); Ivers et al., (2015)]

uG = G2K−1(s) eφ where G2K−1 =
K∑
j=1

(−1)K−j [2(K + j)− 1]!!
2K−1(K − j)!(j − 1)!(2j)!!s

2j−1 (3)
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Example modes in a rapidly-rotating sphere

Symmetric inertial mode Anti-symmetric inertial mode

Geostrophic mode

• Modes are in general 3D (although slowest ES modes are quasi-2D)

• Fully compatible with spherical geometry

• Well suited for study of equatorial dynamics
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Quasi-Geostrophic (QG) modes may dominate?

• In rapidly-rotating homogenous fluids, response to slow perturbations is often columnar
[Hide (1966); Busse & Carrigan (1976); Zhang and Liao (2004); Jault (2008); Bardsley & Davidson, (2016)]

• Projection onto QG modes is a promising way towards reduced model of core dynamics
[Labbé et al., 2015]

Idea here: Try to invert SV for a flow consisting of QG modes
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Forward problem

• Writing Br = Br + B̃r, sum of known large-scale and the unknown small-scale field,
the diffusionless induction equation for the large-scale SV at the core surface is

∂Br
∂t

= −∇H ·
(
uBr

)
+ e, where e = −∇H ·

(
uB̃r

)
(4)

• Expand the instantaneous flow u as a sum of geostophic and QG inertial modes

u(s, z, φ) =
Kmax∑
K=1

aKG G2K−1(s) eφ +
Mmax∑
M=1

Nmax∑
N=1

aM,NI ûM,NI (s, z)eiMφ (5)

• Here, we consider only ES modes with lowest frequency (i.e. the QG modes)

• Chose truncation levels Kmax = 20, Mmax = 16, Nmax = 10

• Large-scale field Br is up to SH deg. 14, e also parameterized in SH up to deg. 14

• When evaluating (4) only need the core surface part of the flow

• Solve (4) via vector spherical transform using u in poloidal-toriodal form, up to deg. 39
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Inverse problem

• Assume Br at CMB is known 1999-2016 (taken from CHAOS-6 field model)

• Data d: ∂Br
∂t

on grid outside tangent cylinder at CMB; assumed error 2µT/yr.

• Solve for mode amplitudes a =
{
aKG ; aM,NI

}
defining large-scale flow

• And simultaneously for SH coefficients of SV due to unresolved scales e = {est}

• Regularized least-square inversion for m = {a; e}. Seek to minimize

Φ = (d−Hm)TCd
−1(d−Hm) + λR(a) + eTP−1

e,ee (6)

H is the matrix connecting d to m
R(a) is a norm measuring some property of the large-scale flow
Pe,e is prior covariance matrix of e from a geodynamo simulation [Barrois et al., 2016]

• Compare solutions with different flow regularization norms R(a):

I L2 norm of flow horizontal divergence and radial vorticity [e.g. Gillet et al., 2009]∫
CMB

(∇H · u)2 + (er · ∇ × u)2dS

I L1 norm of mode amplitudes, implemented iteratively [Farquharson and Oldenburg,1998]

|a|1 =
∑
K

|aKG |+
∑
M

∑
N

|aM,NI |
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Results I: L2 norm inversion
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Results I: L2 norm inversion
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Results I: L2 norm inversion
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Results II: L1 norm inversion
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Results II: L1 norm inversion

14 DTU Space 20yrs Grenoble Geodynamo Team, Autrans 2017 18.5.2017



Results II: L1 norm inversion
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Results III: Time-dependence of L1 solution
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Results III: Time-dependence of L1 solution
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Discussion

• Basis of geostrophic and quasi-geostrophic modes is an alternative means of
parameterizing core motions responsible for SV, suitable for studying equatorial region

• Allowing for impact of unresolved scales, can adequately fit observed CMB SV

• Penalizing L1 norm of mode amplitudes, find certain modes dominate (esp. M = 1)
and some exhibit rapid time variations

• Approach can be extended to study more general flows using basis of ES and EA

inertial modes

• Extensions

I Solve for background flow (ES & EA) plus time-dependent QG/Geost. modes
[see also poster by N. Gillet]

I Directly fit satellite and ground data rather than field model
I Solve for time-dependent mode amplitudes, link to dynamics [Labbé et al., 2015]

• Comparisons with more complete forward studies of low latitude core dynamics needed
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Geostrophic & ES modes, L1 norm

26 DTU Space 20yrs Grenoble Geodynamo Team, Autrans 2017 18.5.2017



Geostrophic, ES modes and EA modes, L1 norm
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Geostrophic, ES modes and EA modes, L1 norm
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Restricted Geostrophic & QG basis
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Restricted Geostophic & QG basis
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ES inertial mode solutions

ur = −i
N∑
i=0

N−i∑
j=0

Cij;NMr
M+2(i+j)−1 sinM+2j

θ cos2i
θeiMφ

· σ2i−1(1 − σ
2)j−1[σ(M + Mσ + 2jσ) − 2i(1 − σ

2)]

(7a)

uθ = −i
N∑
i=0

N−i∑
j=0

Cij;NMr
M+2(i+j)−1 sinM+2j−1

θ cos2i−1
θeiMφ

· σ2i−1(1 − σ
2)j−1[σ(M + Mσ + 2jσ) cos2

θ + 2i(1 − σ
2) sin2

θ]

(7b)

uφ =
N∑
i=0

N−i∑
j=0

Cij;NMr
M+2(i+j)−1 sinM+2j−1

θ cos2i
θeiMφ

· σ2i(1 − σ
2)j−1(M + Mσ + 2j),

(7c)

where the coefficients Cij;NM are defined as

Cij;NM =
(−1)i+j [2(N + M + i + j) − 1]!!

2j+1(2i − 1)!!(N − i − j)!i!j!(M + j)!
. (8)

and the half-frequencies, σ are the roots of the polynomial

0 =
N∑
j=0

(−1)j
[2(2N + M − j)]!

j!(2N + M − j)![2(N − j)]!

[
(M + 2N − 2j) −

2(N − j)
σ

]
σ

2(N−j) (9)
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Comparisons with previous flow inversions

Core surface flows from monthly means 15

Figure 10. Left: CMB flow (at a typical epoch, centred on October 2005) from inverting three consecutive months of rmm first di↵erence

data. Continents shown for reference. Right: Flow power spectra, units (km/yr)2. Solid and dotted lines are power in the toroidal and
poloidal components, respectively, of the flow in the left panel. Dashed and dot-dashed lines are the corresponding power spectra of the

moderately TO-like flow.

and Olsen 2006; Silva and Hulot 2012; Lesur et al. 2015; Baerenzung et al. 2016). The strong southward flow beneath the

western Indian Ocean visible in Fig. 10, completing the anti-clockwise eddy, is not, or is only weakly, present in most satellite

data-based flows. Similarly, the small clockwise eddy beneath the south-western Pacific Ocean is not generally a feature of

models derived from satellite data – in fact, the tangentially geostrophic flow of Holme and Olsen (2006) has a weak clockwise

eddy, but their toroidal flow has an anti-clockwise eddy in the same location (and, as noted above, features of this size are not

well resolved by observatory data). Besides generally decreasing power spectra for both toroidal and poloidal flow components,

and an approximately order-of-magnitude di↵erence between the toroidal and poloidal power, the dominant feature of the

spectra is the loss of power at toroidal degree 3 (e.g Holme and Olsen 2006; Lesur et al. 2010; Lesur et al. 2015; Baerenzung

et al. 2014, 2016), regardless of whether or not the flow is assumed tangentially geostrophic. All these features are present

in our spectra, for both snapshot and moderately TO-like flows (Fig. 10). The flow of Baerenzung et al. (2016) with highest

posterior probability density is faster than ours but similar in morphology, though again with more localised features; its

toroidal power spectrum has a similar shape to ours, but its poloidal spectrum is markedly di↵erent at low harmonic degree,

as it increases with increasing degree.

While the basic features of the time-average flow do not depend on what type of flow is sought, the fluctuations around it

are very di↵erent, depending mainly on whether or not a temporal constraint is applied. As noted previously, these fluctuations

can be quite substantial for snapshot flows, including a change to the morphology of the flow beneath the Indian Ocean,

specifically, that it does not remain as a closed eddy throughout. This region is unusual in that, when temporal variability is

restricted by seeking a moderately TO-like flow, the fluctuations in its upwelling and downwelling remain. The time-average

flow has an upwelling beneath the eastern part of the Indian Ocean, and a downwelling beneath the western part, similar

to the pattern seen in the flows Olsen and Mandea (2008) generated for 2003–4 to fit rapid changes in the SV. From mid-

2004, these over-turning features of our temporally constrained flows start to weaken. In contrast, the downwellings beneath

northern South America and the northern Pacific Ocean, and the upwelling beneath Hawaii, remain in place throughout the

period of our study. In general, the fluctuating part of the flow has a higher proportion of its kinetic energy in the poloidal

component than the average flow (typically ⇠35% for epochs of the moderately TO-like flow, higher for flow snapshots,

compared to 20% for the time-average part). Beneath the equatorial western Pacific, the fluctuations in the moderately

TO-like flow model are dominated by the toroidal component, changing steadily by an anti-clockwise rotation superimposed

on a strengthening westward zonal flow. Fig. 2A of Finlay and Jackson (2003) shows that the historical field evolution is

consistent with waves propagating westward away from this location. Beneath the western Atlantic and eastern Americas, the

fluctuations show an increasing southward component to the flow (deviations from the mean are predominantly northward at

the beginning of the interval and finish predominantly southward, with a weak anticlockwise rotation).

Although the TO-like flow changes slowly throughout the interval modelled, there are rapid changes and local variability

in fluid acceleration which, in order to reduce noise, we have estimated by fitting smoothing splines to the discrete monthly

flow coe�cients and then di↵erentiating the spline representation. For example, in the equatorial region beneath the western

Atlantic and eastern Americas there are peaks in a predominantly poloidal acceleration of opposite sign in 2006 and 2009, the

times at which Chulliat and Maus (2014) note an anti-correlated pulse in CMB secular acceleration there. They also found

that a constant flow and TO (with an assumed 6-year period) did not provide an adequate fit to secular acceleration data. Our

fluid acceleration power has maxima in 2007 and 2009.5 (and also in 2000, 2002 and 2003.5); the variability has an amplitude

of about 0.5 (km/yr2)2 around a mean of ⇠3 (km/yr2)2.

Fig. 11 shows the temporal variability of the non-zonal part of v� at 85�W; at the equator, it undergoes a sign change
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Figure 7: Maps of the quasi-geostrophic stream function ψ (black isolines) and norm of the velocity (colourscale,
in km/y) at the CMB (left, Hammer-Aitoff projection centered on the Greenwhich meridian) and in the equa-
torial plane (right). Meridians (parallels) are marked every 60◦ (30◦). The thick grey parallel corresponds to
the projection of the tangent cylinder at the CMB. Top: the time-average flow between 1940–2010. Bottom: an
example of the flow anomaly with respect to the stationary flow in epoch 2005. In both cases the flow has been
truncated at spherical harmonic degree 14. All figures are for the ensemble average of the flow models. Blue
capital letters ‘A’ and ‘C’ on equatorial maps stand respectively for the anticyclones and cyclones discussed in
the text.

17

Gillet et al. (2015)
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The CHAOS-6 geomagnetic field model

• CHAOS series of geomagnetic field models aims to describe the near-Earth magnetic
field to high spatial and temporal resolution (Olsen et al., 2006, 2009, 2010, 2014)

• Potential field approach: B = −∇V where V = V int + V ext.

• The internal part of the potential takes the form

V int = a

Nint∑
n=1

n∑
m=0

(gmn cosmφ+ hmn sinmφ)
(
a

r

)n+1
Pmn (cos θ)

• For n ≤ 20, expand in 6th order B-splines

gmn (t) =
K∑
k=1

kgmn Bk(t).

• Also co-estimate the large-scale magnetospheric field

• And work with satellite vector data in magnetometer frame, co-estimating Euler angles
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CHAOS-6 model: Parameterization of the external Field

• For the external potential, expand in SM and GSM co-ordinate systems, with θd and Td
being dipole co-lat. and dipole local time

V ext = a

2∑
n=1

n∑
m=0

(qmn cosmTd + smn sinmTd)
(
r

a

)n
Pmn (cos θd)

+ a

2∑
n=1

q0,GSM
n R0

n(r, θ, φ).

• Degree-1 coefficients in SM coords dependent on the RC disturbance index
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CHAOS-6 model

• Use DTU’s latest geomagnetic model, CHAOS-6 (Finlay et al., 2016)

http://www.spacecenter.dk/files/magnetic-models/CHAOS-6/

• Derived from 7,873,156 data

• Weighted rms misfit to non-polar, dark Swarm scalar data is 2.14 nT,
For scalar field differences, 0.26 nT along-track and 0.45 nT across-track.
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Fit to Swarm field difference data: histograms of residuals
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Vector difference residuals, Swarm vs CHAMP
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Fit to ground observatory data, Eastward component dY/dt
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Power spectrum of SV at core surface
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Time-dependence of core surface SV
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Time-dependence of core surface SA
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