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Abstract

Earth’s magnetic field is primarily generated and maintained in the core region of the
planet by a process known as the geodynamo. The working of the geodynamo is not well
understood but thought to be a result of the vigorous motions of the liquid outer core.
The changes of the observed field, referred to as secular variation (SV), are due to the
induction action of the core motions on the core field. SV observations can therefore be
used to infer the flow at the core surface although this is a highly non-unique inverse
problem. The non-uniqueness is often reduced by making assumptions about the motions

in the outer core (e.g. a large-scale assumption).

In this thesis, an new forward modeling scheme has been developed for predicting SV
from core flow parameterized in terms of the normal modes of rotating flow in a sphere.
Further, a new inversion scheme was developed using this basis of normal modes and an
[1-regularization of the mode amplitudes was implemented. The developed approach was
used to estimate the core flow by inverting SV from a state-of-the-art geomagnetic field
model (CHAOS-6-x2) at different epochs between 1999 and 2016. The normal modes are
especially well-suited for studying flows at mid and low latitudes. A better understand-
ing of the flow is of particular interest for the study of geomagnetic jerks and related
secular acceleration (SA) pulses. The developed inversion scheme was successfully bench-
marked against previous results. Strong time-dependent azimuthal flows were found in
the equatorial region that could correctly predict localized pulses of increased SA at the
core surface. In general, the developed inversion scheme is found to perform well, but
further work is needed on how to best specify the prior information on the normal modes,

and on linking more directly to satellite and ground magnetic field observations.
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1. Introduction

Earth is surrounded by a large and complex magnetic field that changes with time. It
is mostly the result of a self-sustaining dynamo acting in the liquid outer core but other
sources contribute to it (Olsen et al., 2010). Fig. 1.1 sketches the different sources of the
geomagnetic field, which can be broadly categorized into sources of internal and external

origin.
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Figure 1.1. Schematic of the sources that contribute to the geomagnetic field (Figure

taken from Olsen et al., 2010).

The core and the crustal, or lithospheric, field are generated by internal sources. The core
field originates from currents that are maintained by the geodynamo in the liquid outer
core and contributes approximately 95% to the observed field at Earth’s surface. The

crustal field is caused by magnetized rocks in Earth’s crust and is relatively weak. The
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currents in the magnetosphere and ionosphere are external sources that also create on
average relatively weak fields. Finally, there are contributions to the magnetic field due
to the movement of electrically conducting seawater and externally induced currents in
the crust and mantle. Although their origin is internal, they are commonly not referred

to as internal sources.

Despite the variety of sources, emphasis is put on the outer core where the geodynamo
is operating. The processes there, are responsible for the observed changes of the magnetic
field, referred to as secular variation (SV) (Holme, 2015).

1.1. The Core Motions

The outer core consists of an electrically conducting and liquid iron-nickel alloy which
undergoes vigorous convection driven by the cooling of the planet (Finlay et al., 2010).
The core motion stretches, twists and advects the magnetic field into new configurations.
The self-sustaining dynamo is a process by which the motions happen in such a way that
electrical currents and, hence, the magnetic field are maintained against Ohmic dissipation
(Olsen et al., 2010). A detailed knowledge of the core motions is therefore essential to an

understanding of the observed SV.

The entire Earth, including the core, is rapidly rotating which creates a strong Coriolis
force. It organizes the core motions into columnar structures that circumscribe the solid
inner core. Fig. 1.2 shows a three-dimensional simulation of the core motions and in
particular the azimuthal (East-West) velocity component. The cut showing a meridional
plane features the columnar structures as parallel stripes of increased azimuthal flow which
are aligned with the rotation axis. They are especially pronounced at cylindrical radii

close to the equator.

SV observations are used as data to invert for the flow at the outer core surface, but it is
a difficult inverse problem. Only the radial component of the SV can be connected to the
core surface flow which leads to equations with many solutions (Holme, 2015). Even worse,
there is an infinite number of them. In practice, assumptions on the structure of the flow
are imposed to constrain the number of possible solutions and therefore address the issue
of non-uniqueness. This is referred to as regularizing the inverse problem. In contrast, the
forward problem of computing SV from a known flow can always be carried out without
the problem of non-uniqueness. This study presents a new manner of implementing this
forward problem by using a core flow based on the physics of motions in a rotating fluid

sphere which allows a good representation of the flow at mid and low latitudes.
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Figure 1.2. Three-dimensional geodynamo simulation of the outer core from Schaeffer
et al. (2017). The smaller concentric sphere represents the solid inner core. Colors indicate
the size of the azimuthal velocity component and the rotation axis is indicated by the white

line.

1.2. Scientific Problem: Origin of Geomagnetic Jerks

This study aims at contributing to a better understanding of geomagnetic jerks. They
are defined as abrupt changes (within one year) in the slope of the SV and separate
therefore intervals where the SV varies almost linearly with time. They are also observed
as events of sudden step-like change in the second time derivative of the geomagnetic
field known as secular acceleration (SA) (Mandea et al., 2010). Geomagnetic jerks occur
at irregular times and are observed either worldwide or regional with time shifts of up
to 3 years between ground observatories (Chulliat and Maus, 2014). Although they have
been studied over the past decades, the processes that cause them are still not understood.
However, there is now broad consensus that they are caused by internal processes (Mandea
et al., 2010). The fact that jerks are the fastest observed SV changes of internal origin

makes them interesting in the context of core flow studies.

Chulliat et al. (2010) analyzed geomagnetic jerks west of Africa, which occurred around
2003 and 2007, and argued that both were caused by the same SA pulse (increased SA
power on the CMB) peaking in 2006. They further suggested that the pulse should be
investigated as the relevant geophysical phenomenon. Fig. 1.3 shows the Y-component
(East) of the SV at the magnetic observatory MBour (MBO) at the west coast of Africa
and the radial SA in 2006 on the core surface from the CHAOS-6 geomagnetic field model.



1.3. APPROACH OF THIS THESIS
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Figure 1.3. Left: observed Y-component of the SV at MBO (14.39°N, 16.96°W) are shown
as black dots while the red line was calculated from the CHAOS-6 model. Right: radial

secular acceleration (spherical harmonic degree 1 to 8 only) from the CHAOS-6 model in
2006.

The Y-component of the SV decreases suddenly from 70 n'T /yr in 2005 to 50 n'T /yr in 2007
and increases again to the previous level over a period of two years. This corresponds to
the jerk in 2007 with an acceleration change of around 20nT /yr?. The right side of Fig. 1.3
shows patches of increased SA, most prominent at low latitudes in the Atlantic sector in
2006 when the SA pulse was at maximum. In agreement with Gillet et al. (2015b), Finlay
et al. (2016) found localized structures of non-axisymmetric azimuthal flow close to the
equator using the CHAOS-6 geomagnetic model. They noted that some of them undergo
time-dependent oscillations at the locations of increased SA, for example at 40°W on the
equator. At this location, the modeled flow experienced a high acceleration around the
time when SA pulses occurred in 2006, 2009 and also later in 2013 (Finlay et al., 2016). An
important scientific question is the robustness of such oscillating azimuthal flow features
and whether they can be recovered in core inversions parametrized and estimated in other

ways.

1.3. Approach of this Thesis

The aim of this study will be addressed by developing a new inversion scheme based on

normal modes of rotating flow in a sphere.



1.4. OUTLINE OF THE THESIS

The primary tool of inverting for the core flow from SV observations is the induction
equation. On short timescales, magnetic diffusion can be neglected and the SV is primarily
considered to be generated by the advection of the magnetic field at the core surface.
However, not all lengthscales of the core field can be equally well resolved from magnetic
observations at Earth’s surface and above, due to the crustal field. The unknown small-
scale core field leads to the so-called small-scale error. The forward scheme then combines
two terms, the SV produced by the flow in terms of the normal modes advecting the known
large-scale core field and the SV due to the small-scale error. In the inverse scheme of
this thesis, the non-uniqueness is addressed by regularizing with either a standard ls-
norm penalizing the horizontal divergence and radial vorticity of the flow, or an /;-norm

penalizing the amplitude of the normal modes.

The estimated core flow is studied with regards to length of day predictions and SA

pulses which are linked to geomagnetic jerks.

1.4. Outline of the Thesis

Chapter 2 gives the theoretical background on the motion in Earth’s core and the resulting
induction. It further states the equations of the normal modes to represent rotating flows
in a sphere. The chapter concludes with the toroidal-poloidal expansion as an often used

numerical tool for representing the involved fields.

Chapter 3 presents the developed methods of this study to invert for the core flow
given geomagnetic field models of the SV. This includes the implementation of the forward

scheme, the toroidal-poloidal expansion and finally, the inversion scheme.

Chapter 4 summarizes the results obtained by the newly developed forward and inverse
schemes. After a comparison with previous results, the chapter gives an overview of the

obtained flow models and presents the time-dependence of the flow.

Chapter 5 discusses the results with regards to length of day predictions and geomag-
netic jerks. It also examines the effect of the parametrization of the small-scale error term
and finishes by briefly discussing the inversion scheme in a probabilistic context. Chapter

6 concludes the thesis and gives an outlook for a future study.



2. Theoretical Background

In this chapter, the equations governing the flow in Earth’s core (Sec. 2.1) and the resulting
magnetic induction producing changes in the core magnetic field (Sec. 2.3 and 2.4) are
presented. A basis for efficiently representing flows in a rapidly rotating sphere in terms
of normal modes is set out (Sec. 2.2), and numerical tools including the toroidal-poloidal

expansion (Sec. 2.5), which are often used to represent the field of interest, are presented.

2.1. Flow in the Quter Core

In the following, spherical coordinates (7,6, ¢) with radius r, colatitude 6 and azimuth
¢ are used to parametrize Earth’s geometry. The mean surface radius is taken to be
rs = 6371.2km. The interface between the solid mantle and the core region is of major
importance and called the core mantle boundary (CMB), which it is located at r. =
3485km. It represents the transition of the solid mantle to the core region which is
further subdivided into the outer liquid and the inner solid core. The motion of the liquid
iron alloy in the outer core is assumed to be responsible for generating the main part of

Earth’s magnetic field.

The fluid motion in the outer core is ultimately driven by density variations due to
the cooling of the planet. The description of the motion is given in terms of magnetohy-
drodynamics which considers the conducting fluid on macroscopic scales as a continuum.
By further assuming the density to vary only slightly, one can employ the Navier-Stokes
momentum equation in the Boussinesq approximation. Effects other than buoyancy are
then neglected and the description is essentially that of an incompressible fluid. In the
reference frame of the mantle rotating with constant angular frequency €2, the fluid mo-
tion u in the outer core is described by the equations stating the conservation of mass

and momentum in the Boussinesq approximation (Finlay et al., 2010)
V-u=0, (2.1a)

00 (Z—?—i—(u-V)u—l—Qﬂxu—yVQu) =-Vp+/pg+IxB (2.1b)
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where p' is a small deviation from the constant reference density pg, v the constant
kinematic viscosity, p the reduced pressure including the hydrostatic pressure and the
centrifugal acceleration, g the acceleration due to gravity, J the current density and B the
magnetic field. The nonlinear term (u-V)u describes advection of angular momentum and
vV?u the viscous effect while 2€2 x u is the Coriolis acceleration. Since pj is constant, the
gravitational acceleration can be given as g = —i—Zr with respect to a reference acceleration
ge at the CMB with radius r, and r the radial vector. The term J x B represents the

Lorentz force and is usually re-written in terms of the magnetic field alone as

1 1

JxB= (VXB)XB:—((B-V)B—%VBQ), (2.2)

Ho Ho
where 11 is the magnetic permeability and B = |B|. The evolution of the magnetic field

is described with an additional equation, called the induction equation (see Sec. 2.3). At
solid boundaries such as the inner core boundary and the CMB, the viscous fluid is forced
to match the motion of the boundary in such a way that no penetration or slipping can
occur. Generally, the prescription of an initial velocity field completes the formulation of

the problem which then consists of solving Eq. (2.1) subject to the boundary conditions.

In order to assess the relative importance of the individual terms in Eq. (2.1) and
discuss possible simplifications, it is best to consider the corresponding dimensionless
equation. Consider the CMB radius 7., Earth’s angular frequency Q=1 and U as typical
length, time and relative velocity scales of a particular motion. The governing equations
in their dimensionless form with €2 = (e, and e, the unit vector along the positive z-axis

are then given by

V.-u=0, (2.3a)

88—;1 +e(u-Viu+2e, xu— EVu=—-Vp+f, (2.3b)

where u, ¢t and p represent the dimensionless counterparts of the quantities in Eq. (2.1).
The buoyancy and the Lorentz force are combined for convenience into a single dimen-

sionless quantity, denoted f. As a result, two dimensionless parameters F and € appear
(Greenspan, 1968). The Ekman number

v
- 2.4
o (2.4)
measures how typical viscous forces compare to the Coriolis force while the Rossby number
U
= 2.5
‘ Qre (25)

gives the ratio of the convective force and the Coriolis force, and provides a measure of

the relative importance of nonlinear effects. In the case of Earth, the Ekman number is
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very small with £ ~ 1071 (Finlay et al., 2010). Also, the Rossby number is expected
to be very small since the typical amplitude of the fluid motion is small compared to the

rotation speed.

An important consequence that illustrates how rotation affects the motion of fluids

du
ot

neglecting f on the right side of Eq. (2.3). The momentum equation then reduces to

follows by considering inviscid (E = 0), slow (e = 0) and steady ($2 = 0) conditions while

2e, x u= —Vp, (2.6)

which expresses that the pressure force is completely balanced by the Coriolis force. This
is referred to as the geostrophic balance. By taking the curl of the geostrophic balance

and using the conservation of mass, the Taylor-Proudman theorem follows. It states that
(e.-V)u=0 (2.7)

and as a consequence, the velocity field must be invariant along the rotation axis (z-
axis), i.e., u = u(x,y). Since particles on a vertical line move identically, the flow can be
considered as comprised of vertically elongated or columnar fluid cells. The fluid columns
move as if rigid along the rotation axis and must therefore maintain a constant height.
Although the stated assumptions are quite restrictive, it has been found that broadly
columnar structures are relevant in short timescale core dynamics. Strongly columnar
dynamic regimes have been observed in a number of both experimental and numerical
simulations dealing with thermally driven convection, and including the impact of the
magnetic field and the backreaction of the convective flow (see Pais and Jault, 2008
for a review). Also, Jault (2008) suggests that rotation dominates in Earth’s core for
timescales small compared to magnetic diffusion. Hence, a plausible conclusion is that
the presence of buoyancy and Lorentz force leads to relatively small departures from the
exact geostrophic balance. This allows approximately z-invariant or broadly columnar

flows within the whole core region which are referred to as being quasi-geostrophic (QG).

There are different approaches to modeling QG dynamics (e.g. Pais and Jault, 2008).
In this study, the QG flow is represented by a subset of QG modes that arise in rotating
homogeneous fluid spheres. Use of the complete set of modes allows more general flows
beyond the QG assumption offering an alternative means of representing core motions.
The equations and analytical expressions for the normal modes of flow in a rapidly rotating

fluid sphere are given in the following section.



2.2. FLOW IN A ROTATING FLUID SPHERE

2.2. Flow in a Rotating Fluid Sphere

Consider a rapidly rotating spherical shell of unit radius, representing the CMB, com-
pletely filled with an incompressible and viscous core fluid. In this study, the effect of the
inner core is completely ignored and the focus is on motions at cylindrical radius outside
the inner core. The fluid motion is assumed to be close to rigid rotation i.e., the motions
deviate only slightly from solid body rotation (u = 0 in the rotating reference frame).
Consequently, the typical velocity magnitude is small compared to the rotation speed and
e < 1. The nonlinear term in the momentum equation can then be neglected to a first
approximation. In addition, the Ekman number is considered to be small and the corre-
sponding viscous dissipation weak so that a small external force is sufficient to sustain the
fluid motion. The effect of viscosity is mainly confined to a thin boundary layer at the
CMB. Hence, the interior of the fluid is practically inviscid and a leading order solution
neglecting the viscous correction at the boundary can be found. Importantly, the solution
of the leading order problem is sufficient to connect the observed magnetic field with the

core flow (further details in Sec. 2.4).

The inviscid flow u of the leading order problem in the co-rotating reference frame

then satisfies the dimensionless equations (Zhang et al., 2001)

V-u=0, (2.8a)

2—? +2e, x u = —Vp, (2.8b)

subject to the boundary condition of an impenetrable CMB
e,-u=0, at r=1 (2.9)

Here p is also the leading order approximation of the pressure. The leading order problem
of inviscid interior motion can be given as a superposition of two types of modes, namely
a single geostrophic mode corresponding to a steady-state flow, and an infinite number of
inertial modes. Ivers et al. (2015) show that the modes are mutually orthogonal over the
volume of the sphere provided their frequencies are different. They further establish the

completeness of the modes in a sphere.

2.2.1. Geostrophic Mode

The geostrophic mode represents the steady-state flow of an incompressible and suffi-
ciently slow fluid of negligible viscosity. The equation of motion is identical to the Taylor-

Proudman theorem in Eq. (2.7) subject to the boundary condition in Eq. (2.9). The
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solutions can be given in the form of a zonal, i.e. axisymmetric, azimuthal flow (Liao and
Zhang, 2010a)
u = uy(rsinfb)ey. (2.10)

The Taylor-Proudman theorem indicates it is simplest to use cylindrical coordinates for
the rotating flow while spherical coordinates are more appropriate to account for the
boundary condition. Liao and Zhang (2010a) suggest the existence of a polynomial Gar_;
with integer k that resolves the conflict between the geometry of the flow and the bound-

ary. They derived a second-order ordinary differential equation in s = rsinf

(U= )G 1)+ G 1(6) = (2 1) Gaas) = ~2K2E+ 1)Gaua(s) (211

with & = 1,2,3... and ' denoting the derivative with respect to s. The solution is a

polynomial of order (2k — 1) with

k

1) 2(k + 5) — 1! 91
Gok—1 = Z 2121()k — 5;' G _])1)!(2%” (rsin@)™ . (2.12)

Jj=1

This so-called ”geostrophic” polynomial is orthogonal over the sphere (Liao and Zhang,
2010a)

21 U 1
/ / / Gop_1(rsin0)Gaop_1 (rsin@)r?sindrdfde = 0, n #k (2.13)
o Jo Jo

and can be normalized with

3 [ (™[ T 32k + 1)N(2k — 1)
E/o /0 /0 [Gog—1(rsin 6)]“r* sin §drdfdde = @k + D2k — 211 (2.14)

The combination of a geostrophic polynomial G551 with the azimuthal unit vector will

be referred to as the geostrophic mode of wavenumber k. The geostrophic flow, which is

a zonal flow, is then given as a linear combination of the geostrophic modes for all integer

k
u= Zangk,l(r sin 0)e,. (2.15)
k

Fig. 2.1 shows three examples of the geostrophic modes with k£ = 2,4, 6 in the meridional
plane and on the CMB.

2.2.2. Inertial Modes

Aside from the steady geostrophic flow, there is a time-dependent flow that is a superposi-
tion of an infinite number of non-axisymmetric modes, called inertial modes. The inertial

modes are described by the full leading order problem in Eq. (2.8) and the boundary

10
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Figure 2.1. Three examples of the geostrophic modes with (a) k=2, (b) k=4 and
(¢) k =6 in the meridional plane (left) and on the CMB (right). The color indicates the

direction and strength of the azimuthal flow.

11
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condition (2.9). Following Liao and Zhang (2010b), the modes can be given in terms of

three velocity components in spherical coordinates as

u = [u,(r,0,9), us(r,0,6), us(r, 0, )]e™", (2.16)

where i is the imaginary unit and o = % the half-frequency. Further, the modes can be
divided into two classes according to their symmetry with respect to the equatorial plane.

There are the equatorially symmetric modes satisfying
(ur, Ug, u¢) (r,0,¢) = (ur, —ug, u¢) (r,t—0,9), (2.17)

and the equatorially antisymmetric modes, having

(ur, Ug, u¢) (r,0,¢) = ( — Uy, Ug, —u¢) (r,m—0,0). (2.18)

In the explicit solution presented by Liao and Zhang (2010b), the spatial complexity of
the inertial modes is controlled by two wavenumbers, N and M. The first parameter de-
termines the structure in the meridional plane while the second one controls the sinusoidal
structure in azimuth. Explicit expressions of the symmetric and antisymmetric inertial

modes are given below.

Symmetric and Quasi-Geostrophic Modes

The half-frequency, o, of the symmetric inertial modes are the roots of the polynomial

(Liao and Zhang, 2010b)
N

; 22N + M —j)]! N 2N =) vy
0=) (=1)- , — | (M +2N —2j) — =—>| * ™) (2,19
;0( VN v = e = | J) s |7 (2.19)
for which N = 1,2,3,... and M = 1,2,3,... . For a given pair N and M, there are

2N symmetric inertial modes corresponding to the 2N roots of Eq. (2.19). Their three

components in spherical coordinates are given by (Zhang et al., 2001)

N N—i
Up = —i Z ZC’Z-j;NM7“1\/““2(“”')_1 sin™*% g cog? PelM?
P (2.20a)
o1 = o) o (M 4 Mo + 2j0) — 2i(1 — 0?)]
N N—i
ug = —1i Z ZCZ-J-;NMTM“(HJ)—l sin 21 g cog?i L gelM9
e (2.20b)

0¥ (1= 0V o (M + Mo + 2j0) cos® 0 + 2i(1 — 0°) sin® 6]
N N—i
_ MA2(i+5)—1 ;. M+2j—1 2% p iM¢
Uy = CijNMT sin 0 cos™ fe
Z Z J (2.20¢)

0% (1 — o) Y M + Mo + 2j),

12
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where the coefficients Cj;.yar are defined as

(=1)I2(N + M +i+j)— 1)
27120 — DIV — i — gl (M + 5)I

Cijiny = (2.21)

It can be shown that w,.(r = 1) = 0, hence satisfying the required boundary condition in
Eq. (2.9). Also, a normalization of the modes with (Liao and Zhang, 2010b)

3 2n pm 1
yp / / lu|® r? sin Odrdfde =
o Jo Jo

Y E X 3[2(M +j 41— D!

Z CijiinmCri:N M —
’ ’ T
i=0 j=0 k=0 1=0 [2<M+Z+]+k’—|—l)+1]..

2(i+k) (1 . 0_2)j+l

(2.22)
~([(M+M0+2j)(M+Ma+2l) + (M + Mo + 2jo)(M + Mo + 2lo)]

20+ k) — 1] [2(i+k:)—3]!!)

e -+ 8ik(M + 5 +1) =

can be established. Zhang et al. (2001) found a special subclass that is almost z-invariant
and characterized by a small frequency. Hence, when rearranging the absolute values of

the 2N frequencies in an ascending order
o1 = 0| < |oa] < ... <loan],

the smallest frequency can be identified as the QG mode of frequency o that is charac-
terized by flows nearly invariant to the rotation axis (Fig. 2.2a and 2.3e, f). For sufficiently

small oqq, the frequency can be approximated with (Zhang et al., 2001)

\/1+ MM+2) | (2.23)

2
M +2

fry 2 ~ —
wQa = £oa6 NN +2M + 1)

Fig. 2.2 and 2.3 show examples of symmetric inertial modes with the slowest being QG

modes.

Antisymmetric Modes

The half-frequency of equatorially antisymmetric inertial modes satisfy (Zhang et al.,
2001)

e 202N + M — j +1)]!
0= VS iaN G A=+ DIV~ ) 1]

J=0

2(N —j) +1 4
- (M+2N—2j+1)—¢ o N=DHL - (2.24)
g
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2.2. FLOW IN A ROTATING FLUID SPHERE
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Figure 2.2. The first three symmetric inertial modes of the four possible modes having the
wavenumbers N = 2 and M = 3. The slowest mode of this selection in (a) is an example of
a QG mode.
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Figure 2.3. The fastest symmetrical inertial mode having N = 2 and M = 3 is shown in

(d). (e) and (f) give examples of other QG modes.
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2.3. INDUCTION EQUATION AND SECULAR VARIATION

where N = 0,1,2,... and M = 1,2,3,... . The polynomial has 2N + 1 roots, each
representing the frequency of an antisymmetric inertial mode for a given N and M. The

three velocity components in spherical coordinates are (Zhang et al., 2001)

N N—i
U, = —1 Z ZC’ij;NMTMH(H'j) sin™ 27  cos® ! gelM?
=0 j=0 (2.25a)
o 1= 0*) o (M + Mo + 2j0) — (2i + 1)(1 — 0?)]
N N—i
Uy = —i Z Zcij;NMrMJrZ(iJrj) sinM+2i-1 9 cog2 961M¢U2i71(1 _ 02)3‘71
i =0 (2.25b)
[o(M + Mo + 2j0) cos® 0 + (2i + 1)(1 — o%) sin® 6]
N N—i
Up = Z ZC’U;NMTMH(Hj) sinM 271 g cog?tt gelM?
=0 j=0 (2.25¢)

20?1 — o) Y (M + Mo + 2j),
where the coefficients Cj;.yas are defined as

(=1)"™[2(N + M + i+ j) + 1]!
251(2 + D)IW(N — i — j)lilj!|(M + j)

Cijing = (2.26)

Again, the boundary condition u,(r = 1) = 0 is satisfied and a normalization similar
to the one given in Liao and Zhang (2010b) for the symmetric inertial modes could be

derived as

3 2mn s 1
o / / / lu|? 2 sin Odrdfdg =
0 0 0

N N—i N N-k

SR2(M 4+ +1- 1]y, |
C,s. Ch. (i+k) 1 — g2 J+l
ZEO N M kl,NM[2<M+i+j+k+l)+3]”O' (1-07)

[e=]

i=0 j=0 k=

(2.27)
~<[(M+ Mo +2§) (M + Mo +21) + (M + Mo + 2jo)(M + Mo + 2l0)]

- {Q(Ei_k()%z”” 220+ 1)k + 1)(M + 5+ )20 +f§ - ””).

Fig. 2.4 shows three of the five possible antisymmetric inertial modes having N = 2 and
M = 3.

2.3. Induction Equation and Secular Variation

The magnetic field within Earth’s core is changed by the motion of the electrically con-
ducting core fluid. Consider Ohm’s law of a conductor submerged in the magnetic field

B and the electric field E while moving with velocity u

J=0(E+uxB),
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Figure 2.4. The slowest (a), an intermediate (b) and the fastest mode (c¢) of antisymmetric

inertial modes sharing the same wavenumbers N = 2 and M = 3.
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2.3. INDUCTION EQUATION AND SECULAR VARIATION

where o denotes here a constant electrical conductivity. By taking the curl of Ohm’s law

and using Faraday’s and Ampere’s law

0B

E=——

V x Y
VXB:M()J

for slowly varying fields, one can replace the current density and the electric field with
expressions in terms of the magnetic field

1
VXJ:—VX(VXB):J(—a—B—i-VX(UXB)).
o ot

Rearranging the second equality and using the identity V x (V x B) = V(V - B) — V’B
with V - B = 0 yields the induction equation which describes the evolution of the magnetic

field in the presence of a moving conductor

0B

E =V x ('Ll X B) + 7]V2B, (228)
where ) = HOLU denotes the magnetic diffusivity. The first term on the right side represents
the effect of magneto-advection while the second one is connected to magnetic diffusion.

Hence, there are two mechanisms responsible for changing the magnetic field with time.

The change of the geomagnetic field on timescales of years to decades is commonly re-
ferred to as secular variation (SV). The characteristic timescale associated with diffusion
can be estimated with the help of assumed to be appropriate values for the core diffusivity
n=1.69 mT2 and the length L = 1000 km for magnetic field structures. Then, the diffu-
sion time follows as L?/n =~ 19000 yrs (Finlay et al., 2010) and is long compared to the
timescale of the observed SV. Going further and carrying out a scale analysis of the induc-
tion equation (2.28) yields an estimate of the relative importance of magneto-advection

and magnetic diffusion. The magnetic Reynolds number

R - Vx(uxB)] UL
" nV*B| n

with U a typical velocity scale follows. Taking L and 7 as before, and assuming U =
16 km/yr results in R, ~ 300 (Finlay et al., 2010), which is much bigger than one. The
analysis suggests that magnetic diffusion in the bulk of the core is negligible compared
to advection and small on short timescales for characteristic lengthscales of the field.
Neglecting magnetic diffusion in the induction equation (2.28) is known as the frozen-flux
approximation. The name refers to the fact that under this approximation magnetic flux

patches are carried along with the flow and appear as if they are frozen to it.
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2.4. FLOW INVERSION AND NON-UNIQUENESS

2.4. Flow Inversion and Non-Uniqueness

Since the core region is not directly accessible to measurements, inferences of the core
motions and dynamics rely on magnetic field measurements at Earth’s surface and above.
The key is to connect the observations and the core flow given the equations governing the

physics in the core region. Of great importance here is the region just below the CMB.

By assuming an electrically insulating mantle, one can downward-continue magnetic
field models based on surface measurements via potential theory until the CMB. Aside
from a very thin viscous boundary layer that ensures no-slip of the core fluid, there exists
a magnetic boundary layer. It arises from the fact that the conductivity jumps when
going from the insulating mantle to the conducting core region. The flow at the CMB is
zero and, hence, inverting for the flow at the core surface actually refers to the flow at

the top of the free stream, just below the viscous and magnetic boundary layers.

Only the radial component of the magnetic field can be safely continued through the
viscous and magnetic boundary layer given the characteristic timescale of the SV and
length of the large-scale field. Together with the expected high magnetic Reynolds num-
bers and very long diffusion times, it can be concluded that the frozen-flux approximation
holds for the radial part on short timescales (Finlay et al., 2010). Also, the Lorentz forces
associated with the field in the magnetic boundary layer are negligible and do not affect
the fluid dynamics (Jault and Le Mouél, 1991). Therefore and since the flow on top of
the free stream is by definition just below the boundary layers, the horizontal components
are those of a rapidly rotating inviscid fluid while the radial low component is zero as if
being directly at the CMB. This justified for only considering the leading-order problem

of a rotating fluid sphere here.
The radial component of the induction equation in the frozen flux approximation at
the core surface, where u,.(r = 1) = 0 and using V - u = 0, simplifies to

0B,
ot

— —Vy - (uB,), (2.29)

where Vg = V — 675?7 is the horizontal part of the gradient. The induction equation is
the primary tool that enables SV observations to be used to infer the flow at the core

surface.

Unfortunately, it is not enough to completely constrain the flow as can be seen from a
simple argument. Although the radial flow component is assumed to be zero, there remain
two horizontal components as unknowns but only one equation to solve for them. Backus

(1968) examined what can be learned about the flow at the core surface provided that the
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2.5. TOROIDAL-POLOIDAL EXPANSION OF INCOMPRESSIBLE FLOWS

frozen-flux approximation holds and both the magnetic field and SV are known. It turns
out that only flow components perpendicular to the null-flux curves (lines of B, = 0) can
be determined and even worse, one flow satisfying Eq. (2.29) implies infinitely many. The
non-uniqueness needs to be reduced by additional assumptions on the dynamics of the
flow. For example in this study, the core flow is represented by geostrophic and inertial
modes, and in particular, the subclass of quasi-geostrophic modes. In addition, other
constraints are applied to the flow for example by requiring it to be large-scale or as

simple as possible (e.g. Bloxham and Jackson, 1991; Holme, 2015).

2.5. Toroidal-Poloidal Expansion of Incompressible Flows

Divergence-free vector fields in spherical geometry can be conveniently represented in
terms of their toroidal-poloidal expansion. Both the magnetic field and the core flow can
be expanded in such a way. In case of the core flow, it may be rewritten as (Sabaka et al.,
2010)

u="Vx(Tr)+V x V x (Pr) (2.30)

= Uygor + Upol,
introducing the toroidal and poloidal scalar potentials T'(r, 0, ¢) and P(r,0,¢). Hence,
the first term on the right side represents the toroidal part while the second one gives the
poloidal part of the original vector field. The potentials can then further be expanded
into a basis of Schmidt quasi-normalized spherical harmonics y,mes) (0, ¢) of degree n and
order m
T(r,0,¢) = Z Z tre(r) Y0, 9) + 7 (r) Y, (0, )
=t m=0 (2.31)

P(r,0,¢) = ZZ nY,"(0,0) + pr=(r)Y,"(0,9)),

n=1 m=0

where n = 0 was omitted, since it is a divergence-free vector field. The spherical harmonics

are defined as
Y = P™(cosf)cosm
ymes) = (e0s0) ¢ (2.32)
Y,"* = P (cos ) sinm¢

using associated Legendre function P(x = cos#) normalized to

. P,m(x), form =0
Pr(@) =0 mo
(n+—WL)!.Pn7m(LU), for m # 0
P L 2y% & D" om <
() Q”n'( A dx”*m(x - 1" m<n,
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2.5. TOROIDAL-POLOIDAL EXPANSION OF INCOMPRESSIBLE FLOWS

and satisfying the orthogonality relations

27 1 §m
Y vy = — / / Y™y sin 0dfde¢ = + °5n15m,€,
Qo (2.33)
<Ynms’ }/}kS) — o +m10 5nl5mkz and <Ynmc’ Ylks> — 0’

where 9, is the Kronecker-delta. Inserting the expressions above into Eq. (2.30) and

evaluating the vector operations yields (Sabaka et al., 2010)

Weor (7,0, ) = Z Z (Eme(r)TT(0, @) + T (r) T (0, $)) (2.34a)
n=1 m=0
Wyl (1, 0, ) = ZZ (n+1) (pp*(r)P(0, 0) + " (r) P} (6, 6))
n=1m=0 (2.34b)
+ Z Z )80, @) + 5,7 (r)S,°(0,¢))
n=1 m=0

introducing vector spherical harmonics T“% P™®%) and S7“*) Note that sr“? =

4 (rpnm(c’3)>. The vector spherical harmonics are given by (Sabaka et al., 2010)

Pm(c,s) = Ynm(c,s)er

n

(2.35a)
= P;Zfrgc’s)er
aYm(c,s) 1 8Ym(c7s)
gmles) = vy, ymies) — Z° 0 7
o = TVa, Y R P (2.35b)
_ g, 4 gmEde,
1 aYm(c,s) 8Ym(c,s)
Tmes) =y ym(es) L) = 2N e,
" x (Ve sinf  0¢ ©0 a0 ° (2.35¢)

= T:’le(c’s)eg + TTTQ(SC’S)e(ﬁ.

In general, the radial dependence of the decomposition in Eq. (2.34) involves expressions
of Bessel functions of the first and second kind. However, for vector fields given on a

spherical surface alone, it is sufficient to know t?f(c’s), pnm(c’s) and s?(c’s)

evaluated at the
radius of the sphere. The three resulting sets of coefficients are then considered the
toroidal-poloidal expansion coefficients on the relevant sphere. Note also that a vector

field without a radial component requires the p*

to completely disappear. In this case,
the coefficients t?f(c’s)( ) and spte )(7“) are sufficient to fully represent the vector field, for

example the flow at the core surface.

In this study, the toroidal-poloidal expansion is used to expand geostrophic and inertial
modes that have been chosen to represent the flow at the core surface into their respective
toroidal and poloidal coefficients. In this form, they can be implemented in the inversion

scheme.
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3. Methods

This chapter presents the methods that have been developed in this study to infer the core
flow given field models of the observed SV. In a first part, the input data and geomagnetic
field models are introduced (Sec. 3.1). Next, a detailed account of the new scheme for
modeling is given (Sec. 3.2). Finally, the relatively simple approach of this study to

inversion is outlined (Sec. 3.3).

3.1. Input Data: Time-dependent Geomagnetic Field
Models

In this study, the geomagnetic field model CHAOS-6-x2 (extension of CHAOS-6 using
ground and satellite data up to November 2016) is used. It is the latest in a series of
models providing high resolution information on the time variation of the core-generated
part of Earth’s magnetic field between 1999.0 and 2016.5 (see Finlay et al. (2016) for
a detailed presentation and account of its construction). Though mostly derived from
magnetic satellite data, ground observatory monthly means were also used. In particular,
CHAOS-6-x2 relies on ground-observatory data of 160 observatories up to November 2016
and satellite data of the Orsted, CHAMP and SAC-C missions as well as Swarm up to
December 2016. The Swarm mission, launched on 22 November 2013, with its three
satellites Alpha, Bravo and Charlie in low-Earth-orbit represent a new opportunity for

studying SV as they provide valuable constraints on time-varying SV with global coverage.

For core flow computations, only the core field within Earth’s core is relevant. It is
partly obscured by the crustal field but dominates the internal field at large length-
scales (spherical harmonic degrees less than 14). The time-dependent internal field
B(t) = =VV(t) in CHAOS-6 is represented as the gradient of the scalar potential V' (¢)

which is decomposed into real-valued spherical harmonics (Finlay et al., 2016). In general,
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3.1. INPUT DATA: TIME-DEPENDENT GEOMAGNETIC FIELD MODELS

the decomposition involves an infinite series of the form
o0 n 1
VI =YD () gy by, (3.1)

with 7. = 6371.2km the reference radius and Y, are the Schmidt quasi-normalized
spherical harmonics as given in Eq. (2.32). The time-dependent coefficients ¢'(t) and
h*(t) are the spherical harmonic (SH) coefficients of the potential, often referred to as
Gauss coefficients. An expression for the magnetic field and in particular its radial com-

ponent immediately follows after applying the gradient to the potential

Bo(r0.6) =3+ ) () (g + o) 32

n=1 m=0

and similarly for the radial SV

%(“ 0.0)=>_ > (n+1) (%)M (G @)Y;me + h()Y,m), (3.3)

n=1m=0

where the SH coefficients have been replaced with their respective time derivatives ¢*(t)
and h;f(t). Specifying the SH coefficients is therefore enough to specify the field itself or
other related quantities. For example, the power spectrum per harmonic degree of the
magnetic field is defined as (Sabaka et al., 2010)

War) = (4 1) ()7 S0+ (g (3.4)

and similarly for the SV. This spectrum is often referred to as Lowes-Mauerberger spec-
trum. In CHAOS-6-x2, the spherical harmonic decomposition is truncated at degree
Nmax = 20 and the time-dependent SH coefficients of the potential are represented using
a 6th-order B-spline basis defined over the time interval of the model. Since the time-
dependence of the coefficients is absorbed into known B-spline functions, their derivative
with respect to time is automatically known. Hence, the set of estimated spline coefficients

can be used to calculate model predictions of both the internal field and its SV.

In this study, CHAOS-6-x2 model predictions for the core field and the SV at the
core surface are required. By assuming the mantle to be insulating, the potential of
the internal field in Eq. (3.1) can be downward-continued to the core surface by setting
r = r.. However, Finlay et al. (2016) observed upward trends in the power spectrum at
high degrees indicating that not the full model up to degree n = 20 can be safely evaluated
at the core surface. They suggest using the model only up to degree Ny, = 13 for the core
field prediction as lithospheric sources contaminate the spectrum at higher degrees. In

the case of the SV, a maximum degree of Ny, = 16 or possibly 18 is believed to provide
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satisfactory predictions since increased noise is observed for higher degrees. In this study
it was decided to truncate the model at degree N, = Ny, = 14 for both the core field and
the SV prediction in order to facilitate comparisons with previous studies, in particular
Gillet et al. (2015b). Those are based on the COV-OBS model (Gillet et al., 2015a)
that provides longer time series for the field and SV as well as related model covariance

matrices.

3.2. Forward Problem

The forward problem formally consists of the radial part of the frozen-flux induction
equation and involves predicting the SV given the flow and the magnetic field at the
core surface at a given time. In practice however, not all lengthscales of the field and
SV are accessible to observation or can be handled in practical computations. Hence, a
truncation of the flow and field in spectral space cannot be avoided. However, one must
take care when neglecting scales of the fields as the interaction of any lengthscale of the
flow and the core field can result in appreciable large-scale SV. A detailed analysis of the
model errors is therefore required (see Backus, 1968 for a detailed account of truncation

problems of the induction equation).

3.2.1. Accounting for Unresolved Scales in the Induction Equation

At the core surface, only the large-scale core field and SV are known. The small-scales of
the core field above degree 14 cannot be resolved due to the presence of the lithospheric
field while knowledge of the small-scale SV is limited by the presence of noise in the field
models. The large-scale radial SV, denoted 0B,./0t, is then given by a modified version
of Eq. (2.29) (Gillet et al., 2015a)
OB,

5 = Vu (uB,) +e, (3.5)

where the first term on the right describes the SV due to the interaction between the
flow and the large-scale core field whereas e = —Vy - (ué,,), the so-called small-scale
error, accounts for the unknown small-scale field. Note that the total radial field has been
written as B, = B, + Er, the sum of the known large-scale and the small-scale core field.
In the past, the uncertainties of the SV models themselves used to be the main limitation
on flow computations. But thanks to high quality observations from satellites, this is no

longer the case and instead the unknown small-scales of the core field and its influence on
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the observable large-scale SV needs to be parametrized in the form of a small-scale error

term e.

The truncation in the spectral domain of the radial magnetic field component is for-
mally carried out by first assuming the field to be given as a potential field, then intro-
ducing a SH expansion of it and, finally, stopping the infinite series at a certain degree.
Similarly, the core flow is replaced by its toroidal-poloidal expansion truncated at a chosen
degree. This procedure allows Eq. (3.5) to be reformulated as a finite dimensional matrix

equation of the involved expansion coefficients (see details in Sec. 3.2.3)
g=A(g) w+e. (3.6)

Here, the vector g = (%, g}, Al,...)T contains the SH coefficients up to degree N, of the SV
and the vector w = (#9¢,¢t1¢ ¢35, ... s9¢ ..)T has first the toroidal and then the poloidal flow
coefficients at the core surface both truncated at degree N,, whereas g = (¢?, 91, hi,...)"
contains the SH coefficients of the magnetic field up to N,. The vector e consists of the
SH coefficients of the small-scale error up to the same truncation degree as the SV. The
matrix A is then a linear function in the magnetic field and contains the physics relating

the flow to the radial field SV in form of the induction equation.

3.2.2. Forward Problem for Mode Amplitudes

By further representing the flow expansion as a linear combination of a set of modes
(geostrophic and inertial, see Sec. 2.2) with coefficients a; arranged in the vector a =
(a1, as, ...)T and the respective toroidal-poloidal expansion of the modes as columns w; in
a matrix W = (wy, wy, ...), one can write w = W - a and the forward problem in terms

of the mode coeflicients can be written
g=H(g)-a+e with H=AW. (3.7)

The choice of the truncation degree N, of the toroidal-poloidal expansion of the flow is
related to the question of which flow scales are required to explain the observed SV. It
is always possible to exactly fit the data with arbitrary small-scale flows which, however,
might not be necessary. Often when inverting for the core flow, as many as possible
flow scales are parametrized and then a solution is sought by penalizing the small-scales
according to some norm (a large-scale approximation e.g. Bloxham and Jackson, 1991;
Gillet et al., 2009).

Both the mode coefficients in a and the small-scale error in e need to be determined in

order to predict the SV. It is therefore useful to write them together in a single augmented
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vector m = (a”,e™)T, hereafter referred to as the model, such that

&= Hug(g)m with Ha, = (H(g) T) (3.8)

follows. Here, the unit matrix I augments the original matrix H and gives the forward
problem in its final form. Note that H is a constant matrix since the magnetic field g is

considered to be given and free of uncertainty at a specific epoch throughout this study.

3.2.3. Numerical Treatment of the Induction Equation

In the following, details are given of the numerical solution of the induction equation.
Inspired by a FORTRAN code originally written by D. Lloyd in 1987 (Lloyd and Gubbins,
1990) and later amended by A. Jackson, a code to reproduce the matrix A was written

and tested in MATLAB as part of a development project prior to this study.

First, the induction Eq. (2.28) is rewritten by applying the horizontal gradient on the
product uB,. Making use of the incompressibility of the flow allows the elimination of

the horizontal derivatives of the flow components in favor of the radial derivative u/,

88_]? = —(u . VH)BT + Bl

On the right side of the induction equation, the toroidal-poloidal expansions of the flow

components

o(r,0,¢) = ZZ (tme(r)T + s (r) T + sp(r) S + s (r) i) (3.9a)

n=1 m=0
o(r,0,0) = ZZ (Ere(r)Ts + 6o (r) TS + spe(r) Sy + si(r)Sies) - (3.9b)
n=1 m=0
d
ul(r,0,¢) = ZZ (n+1) <p" P+ Idjn P’”S) (3.9¢)
n=1 m=0

are then inserted and the whole expression is evaluated at the CMB with r = r.. While

remembering that

d dpm(c,s)
m(c,s) __ m(c,s)\ _ ,m(c,s) n
s = — (r = r
" dr ( Pn ) Pn * dr
m(c,s)
at CMB dpn 1 m(c,s
— dr Fe - _T_csn( | )(TC)’
since pnm(c’s)(rc) = 0 at the CMB, one can establish an expression for the radial SV

consisting of terms that originate from either the toroidal or the poloidal part of the flow

0B, _(9B,\ (0B 210
o\ ot ), ot ) o (3.10a)
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with

0B, 1 o w— T"”aB
—_ _ Tmc m,c
( ot >tor TCZZ [( 0 ae T ng ad))tn

n=1m=0 o5, U 0B, (3.10b)
Tms—" + s
00 81119 0¢p
and
OB, R BT SiS OB, e
(m) :_ZZZK "o+ no ¢ ”(”H)PWB’“)S
pol n=1 m=0 (3.10c)

If the magnetic field is also a potential field, then the dependence of the induction equation
on spatial coordinates can be entirely eliminated by relating the flow coefficients to the
SH coefficients of the SV. The radial components of the core field and the SV are then
given by Eq. (3.2) and (3.3). The SH coefficients of the SV are isolated by making use of
the orthogonality relations of the spherical harmonics in Eq. (2.33) so that the integral

over the complete spherical surface (Eq. 2.33) yields the expression

1 2041 (v \" /(0B
= = R 11
9= TF 1+50k(rs> <<at)’ Lo (3.11)

where again, r;, = 6371.2km is the mean surface radius of Earth, and similarly for hf

by using Y;** instead. Since the toroidal-poloidal coefficients are constant on the CMB,
they can be moved out of the surface integration. Truncating the expansion of the SV
at degree Ny, and the flow at N, allows Eq. (3.11) to be written for all SV coefficients
at once in terms of a finite dimensional matrix equation involving the multiplication of
matrix A and the vector w which contains the flow expansion coefficients. A is then
of size Ng(Ngy +2) x 2N, (N, + 1) and its elements are the normalized surface integrals
Eq. (3.11) of spherical harmonics and the expressions in front of the toroidal-poloidal

coefficients in Eq. (3.10).

The numerical evaluation of the surface integrals is carried out on a grid on the spherical
surface with constant spacing in azimuth and points in colatitude at the roots of the
Legendre polynomial Py, (z = cos#) of degree Ny. This choice of grid allows a numerical
integration in colatitude by using the Gauss-Legendre quadrature (GLQ) and in azimuth
the Fast Fourier Transform (FFT). The GLQ is exact when applied to polynomials of
degree smaller than or equal to 2Ny — 1. The minimum grid size in colatitude can be
found by identifying in Eq. (3.10) from the polynomial the highest possible degree in

x = cosf. The degree of the magnetic field derivatives is N}, because they are derived from
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3.2. FORWARD PROBLEM

a truncated model. The maximum possible degree of the vector spherical harmonic flow
components is N, while it is Ny, for the SV. The multiplication of all three polynomials
for the surface integration gives a polynomial of degree N, + Ny, + Ng, in x. Hence for the
GLQ, a grid in colatitude must have at least Ny > %(Nu + Ny + Ny + 1) points. A similar
consideration of the azimuthal dependence shows that N, = 2Ny points are required for
the FFT.

3.2.4. Toroidal-Poloidal Expansion of Geostrophic and Inertial Modes

In order to relate the radial SV to the geostrophic and inertial mode amplitudes, a toroidal-
poloidal expansion is required. Once the expansion for a set of modes is selected, the ma-
trix W containing the mode expansion coefficients as columns is built. In the following,
the approach used in this study to represent the analytical mode expressions (Eq. 2.15,
2.20 and 2.25) is presented. A MATLAB implementation was built as part of a devel-
opment project prior to this study. In the same project, tests and comparisons with
independent codes were carried out to benchmark the approach. It is important to note
that the approach relies on the fact that the vector SH spectra of the modes has a finite

width being zero beyond the chosen truncation degree.

The implementation of the toroidal-poloidal expansion involved generating a suffi-
ciently dense and equally-spaced grid at the spherical CMB and explicitly calculating the
horizontal components of a chosen mode there as specified in Sec. 2.2, normalizing by
the volume integral of the squared velocity. Since the components are equally well repre-
sented as a linear combination of explicitly evaluated vector spherical harmonics T
and Spe*) up to a truncation degree N, on the same grid, a system of equations connect-
ing the flow components with the toroidal-poloidal coefficients can be found. The pmes)
components are not required since there is no radial component of the modes at the CMB.
Let N = NyNy4 be the total number of grid points on the sphere with Ny the number
of points in colatitude and Ny in azimuth. At every grid point, there are two equations
relating the horizontal flow components with the corresponding components of the vector
spherical harmonics. Hence, in total there are 2N equations which can be rearranged to
the matrix equation

q-= GexpVV> (312)

where the vector q of length 2N contains the horizontal components of the mode evaluated
at the grid points whereas the vector w consists of 2N, (/V,+2) toroidal-poloidal expansion
coefficients up to degree N,. Both are connected through the matrix Gexp Which is of size

2N x 2N, (N,+2) and has then in every single column the components of a vector spherical
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harmonic evaluated on the same grid. Provided that N, is high enough to capture the
non-zero part of the toroidal-poloidal spectrum, the vector w can be estimated by using

Gaussian elimination by solving the normal equation

(GoxpGexp)W = G&pa- (3.13)

exp ' exp

The expansion coefficients in W are then by construction the ones that minimize the
squared norm ||q — GexpW||? and ensure the closest representation in this measure given
the truncation N,. Based on several tests during the development project and the repeated
observation that the spectrum is bounded, it can be stated that w = W holds! and
represents the desired toroidal-poloidal expansion. The grid size must be chosen in such
a way that both the modes and the vector spherical harmonics are adequately sampled
on the sphere. By observing that they are polynomials of sines and cosines in colatitude
and azimuth, one can choose a grid size based on the degree of the polynomials and the
sampling theorem. Here for explanatory purposes, the highest polynomial degree of the
mode components in colatitude is called degree while in azimuth it is denoted order by
analogy with spherical harmonics. The geostrophic modes then have degree 2k — 1 and
order zero since they are axisymmetric. The symmetric modes have degree 2N + M and
the antisymmetric modes 2N + M +1 while both share the same order M. Since the vector
spherical harmonics should have at least the same degree and order as the modes they
are decomposing, it follows that N, must be greater than or equal to the degree of the
involved modes either geostrophic or inertial. When the decomposition is truncated at IV,

then the highest order of the spherical vector harmonics is also equal to m = N,. Hence,

21
2Ny +1

poles as the vector spherical harmonics are singular there. It should also be noted that the

the grid should at least have a sample spacing of A0 = A¢p = while excluding the
vector spherical harmonics and the inertial modes share the same order, i.e., an inertial

mode of order M will be solely represented by harmonics of order m = M.

For every member in a set of modes, the vectors q; were constructed by numerically
determining the mode frequencies as the roots of the polynomials in ¢ and evaluating
the horizontal components on the grid. The components were then together normalized
by the mean of their squared magnitude over the unit sphere (square roots of Eq. 2.14,
2.22 and 2.27) and arranged in a matrix Q = (qi, qq, ...). Finally, they were collectively
decomposed into their expansion, denoted with the matrix W, by solving Eq. (3.13) with
Q instead of q. Note that the geostrophic modes only have velocity components in the
azimuthal direction. Therefore, the same number of zero-valued meridional components
had to be added to ensure the correct length of the vectors. Note also in the case of

the inertial modes that there are in fact two modes, corresponding to the real and the

1To an accuracy smaller than 1 x 10™% as measured by the rms ratio (q — GexpW)rms/(Q)rms-
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imaginary parts, for a given N, M and ¢ in order to allow for the correct phase in azimuth.
When the modes on the grid were computed, it turned out that numerical problems appear
for inertial modes of N > 5 and M > 10. The reason is that the mode expressions involve
the addition of terms of very different scales for which the precision of 16 digits was not
sufficient. Especially when the mean over the volume for the normalization was computed,
this problem became apparent in the form of negative values. For complex modes of high

N and M, high precision computing was therefore required?.

3.2.5. Prediction of SV Only Outside the Tangent Cylinder

So far, the description of the core motions in terms of the geostrophic and inertial modes
has been based on a full-sphere geometry which completely neglects the influence of the
solid inner core. In reality, the existence of the inner core imposes additional boundary
conditions that will change the motions although they are still likely to be dominated
by the Coriolis force and broadly columnar. The cylinder parallel to the rotation axis
and touching tangentially the inner core is called the tangent cylinder (TC). It separates
regions of distinct physical processes and intersects the CMB at around £69° latitude
(Livermore et al., 2017). The region outside the TC extends over mid and low latitudes
and includes the equatorial region. The core motion there is assumed to be only slightly
affected by the inner core so that a representation of motions in terms of geostrophic
and inertial modes is still possible. This is especially a reasonable assumption for the
QG-modes which are mostly localized to the equator and are small close to the rotation
axis or inside the T'C. The geostrophic modes (and more generally all toroidal modes) are
in fact not affected by the inner core as they automatically also satisfy the impenetrable

condition there.

The separation of the field into a region inside and outside the TC is not possible
when inverting the SV given as global SH. However, the polar regions can be excluded
by evaluating the SV on a grid outside the TC with the help of a SH synthesis matrix
Gga. It multiplies a vector containing SH coefficients to give gridded values at the
specified points. Here, an equal area grid on the sphere between +60° latitude was defined,
thus, making sure to account only for the region well-outside the TC (Fig. 3.1). In
MATLAB, the grid was implemented with the help of the Recursive Zonal Equal Area
Sphere Partitioning Toolbox (Leopardi, 2006). The equal-area grid ensures that high-

latitude SV is not disproportionally weighted compared to low-latitudes. The equal-area

2This was implemented in MATLAB by using variable-precision arithmetic.
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predicted SV in 2015
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Figure 3.1. SV calculated from CHAOS-6-x2 in 2015 up to degree 14 at the CMB. The
red lines at +60° latitude indicate the borders of the region outside the TC.

gridded radial field SV outside the TC is arranged in the column vector b given by
b = Guag = GuaHaym, (3.14)

where g stores the SH coefficients of the SV and Eq. (3.8) has been used. This equation is
then equivalent to the forward problem in Eq. (3.8) except that it predicts gridded values
of SV at the core surface, outside the TC.

3.3. Inversion for Modes of Core Flow

In this study, the inverse problem consists of finding a core flow model that reproduces
the SV observations to an appropriate level of misfit according to the forward modeling

scheme expressed as
dpa = Gm, (3.15)

where dprq denotes the predicted data in terms of either the SH coefficients g or gridded
values b of the SV. Correspondingly, the system matrix G is either Haug 0r GgraHaug
while the model m always contains the core flow mode coefficients and the SH coefficients

of the small-scale error (a®,e™)T.

A simple solution to the inverse problem is found by minimizing the cost function
(Aster et al., 2013)

® = (dpra — dons)" Wal(dpra — dops) + R(x) (3.16)
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with respect to the model m. The first term measures the least-squares misfit between the
predicted data dpeq and the observed data dons with weights W4 whereas R(x) is some
measure of the model complexity, based on a linear operation on the model parameters
x = Lm and serves as a regularization to reduce the inherent ambiguities on the flow

mversion.

For a linear problem, a minimum can be found by taking the derivative of the cost

function Eq. (3.16) with respect to the model and setting it to zero.

Considering a general measure of complexity R(x) of a vector x having N elements.

R may be written as (Farquharson and Oldenburg, 1998)

R(x) =3 pla;). (3.17)

where p(z) is chosen such that R is equivalent to the {,-norm of x

N

Ixlly =D |zl

j=1
with 1 < p < co. In particular, the two cases with p = 1 and p = 2 are of interest in this
study. In the second case with p = 2, p(x) = 22, and R corresponds to the square of the
Euclidean norm. In the other case with p = 1, R becomes the sum of the absolute values
of the elements in x. By assuming x to be a function of the model m, the derivative of
R with respect to the model can be written

N

OR(x) Ox;
o= Pt (3.18)
j=1
where 8% = (8%11, 8%2, ...)T is a column vector and p' the derivative with respect to its

argument. Following Farquharson and Oldenburg (1998), p’ can be replaced with (p'/z;)x;
in order to yield a system of equations that can be handled within a least-squares routine.

Eq. (3.18) can be rewritten as a matrix equation

p'(x1)

owy  dmy (zz) Ty | . (3.19)

The derivative of R(x) with respect to the model is then given by

ORx) _ L'W_L m, (3.20)
om

where (Wy,);; = 5@-% are weights that depends on the form of the chosen norm. For a

simple ls-norm the diagonal entries are constant and equal to two. In case of an [;-norm,
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however, the diagonal entries are equivalent to the inverse of the absolute values of z;

provided they are strictly non-zero.

From a numerical point of view, small values of z; will cause problems so that instead,

Ekblom’s measure

P
2

p(x) = (2% + %) (3.21)

with p = 1 is used as an approximation of the /;-norm provided the constant € is sufficiently

small compared to the typical size of the entries in x (Farquharson and Oldenburg, 1998).
1

A /x?-l—sz ’

Recalling that d,,q = Gm, the cost function in Eq. (3.16) can be now differentiated,

With the Ekblom measure, the elements of the weighting matrix are (W,,);; = d;;

set to zero and rearranged to yield an equation in terms of the model estimate m
(GTW4G +L"W_ L )i = G"Wadops. (3.22)

Since W, can depend on the model itself, Eq. (3.22) is non-linear in terms of the model.
It should be therefore understood as an iterative procedure of computing models th®*) of

the kth iteration given such that

m® = (GTW,G + L"WE VL) ™ - GTWad,e. (3.23)

~1 is only explicitly stated here but implicitly calculated in the actual

The inverse (-)
computations by using the backslash-operator to solve the linear system in MATLAB.
The procedure is initiated by choosing WS = I which is then updated to Wr(ﬁ)(rh(l))
after the first iterate has been computed. These steps are then repeated until a conver-
gence criterion is fulfilled (see Sec. 4.3 for details). The described iterative procedure
is commonly referred to as iteratively re-weighted least-squares (IRLS) for minimizing a

non-linear system of equations.

It is assumed that residuals d,q — dops are Gaussian distributed with zero mean and

variances as specified in the diagonal data covariance matrix Cq so that W4 = Cgl.

3.3.1. Choice of Model Regularization

In this study, the two parts of the model vector, the mode amplitude a and the small-scale

error e, are treated separately. Therefore, the measure of model complexity is written
R(m) = AR,(a) + R.(e), (3.24)

where m = (a’,e”)T and X is a positive and constant regularization parameter that has

to be adjusted in order to find an appropriate balance between the data misfit and the
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model complexity. The regularization parameter has only been included in front of the
term that measures the flow structure. This stresses the point that the prior information
of the small-scale error is considered to be fixed and does not need to be tuned by a

regularization parameter.

Taking the derivative with respect to the model yields, according to Eq. (3.20),
OR AW,
— = ( > m = Rm, (3.25)
om W,

where W, and W, are the weights depending on the chosen norm for the mode coefficients

and the small-scale error term. Two choices of R, in Eq. (3.24) are explored, a conventional

quadratic (I3) measure and a new approach, based on the /;-norm of the mode amplitudes.

Regularization of Small-Scale Error

The small-scale error is assumed to be correlated and Gaussian distributed with zero mean.
The corresponding covariance matrix C, is then a full matrix and W, = C_;!. Prior
information regarding C,. is derived from statistics provided by 3D and self-consistent
numerical simulations of the geodynamo (Aubert, 2013). For this study, the matrix C,

was supplied by courtesy of Barrois et al. (2017). The matrix R in Eq. (3.25) becomes

AW,
(™) o

l>-Norm Regularization of Flow

In this study, two types of regularization are explored. The first, is a standard l;-norm as
used by Gillet et al. (2009). It acts on the SH coefficients of the toroidal-poloidal scalar
flow potentials and can be derived from the surface integral at the CMB (Gillet et al.,
2009)

/ (D? 4+ VH)dS o« w'Nw, (3.27)
CMB

with D = Vg - u the horizontal divergence, ¥V = e, - V x u the radial component of
the vorticity, the vector w with the toroidal-poloidal coefficients of the flow u and the
matrix N. N is diagonal and has entries that vary with n® of the harmonic degree of the
toroidal-poloidal coefficients. Projecting from the toroidal-poloidal basis onto the modes
of core flows means minimizing (Wa)TN'Wa with w = Wa (similarly to Eq. 3.7). In this
case, Eq. (3.26) is

(/\WTNW
R f—

C1> (3.28)

e
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and Eq. (3.23) reduces to
= (GTW.G +R) ™ - GTC; dops. (3.29)

with A being the chosen regularization parameter. Note that the computation of the model
estimate now only contains constant weighting matrices such that an iterative procedure

is not required and the solution immediately follows by solving for m.

[;-Norm Regularization of the Mode Amplitudes

The interesting point of using the [i-norm is that it approximates the l[p-norm which
measures the non-zero entries of some vector. Minimizing the mode coefficients a with
respect to the [;-norm therefore promotes sparsity in the sense that most of the mode are
pushed towards zero while a few important ones are retained to fit the data. Similar to
Eq. (3.26),

R = <AW& cl) with  (W,),; = - (3.30)

The weighting matrix W, depends on the mode coefficients in a. The iterative procedure

e

in Eq. (3.23) is given by

m® = (GTC;'G + RED) ™. GTCL s, (3.31)
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4. Results

This chapter presents the application of the developed inversion scheme to observations
of the geomagnetic field, as provided by the CHAOS-6-x2 model. After a comparison to
previous results (Sec. 4.1), the estimated flow structure given different sets of modes is
described in detail (Sec. 4.2 and 4.3) before the time-dependence of the estimated flows
is documented in the context of single epoch inversions (Sec. 4.4). Associated changes in

the length of day are calculated as means of assessing the models.

4.1. Comparisons to Previous Results

In a first application of the inversion scheme using the geostrophic and inertial modes
of this study, the ability to reproduce core surface flows derived by other authors un-
der similar dynamical constraints was tested. In particular, columnar flows derived by
Gillet et al. (2015b) in a time-dependent ensemble method were used for the compari-
son here. Although their approach is different, the inversion scheme developed in this
study proved under similar regularization constraints to be capable of producing almost

identical looking flow patterns.

Gillet et al. (2015b) propose a stochastic framework which consists of inverting recur-
sively for an ensemble of solutions given SH coefficients of observed SV and corresponding
uncertainties. They also account for temporal correlations of the uncertainties and calcu-
late the covariance matrix for the small-scale error. The most probable solution is then
computed as an average of the ensemble of flow solutions. They rely on the columnar flow
constraint at the core surface (Gillet et al., 2015b)

Vi - (ucos®6),

and simultaneously impose equatorial symmetry while allowing the flow to penetrate the
TC. For the comparison reported here, only the ensemble average of the flow solutions in
epoch 2005 will be used.
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4.1. COMPARISONS TO PREVIOUS RESULTS

The inversion scheme of this study was adjusted to resemble as much as possible the
set-up of the approach from Gillet et al. (2015b) in terms of observation data and model.
In particular, it was decided to use the SH coefficients of the magnetic field and SV
from COV-OBS.x1 up to degree 14 in epoch 2005 as used by Gillet et al. (2015b). For
regularization of the flow, Gillet’s ly-norm in Eq. (3.27), which increasingly suppresses
high degree components with n?® of the toroidal-poloidal spectrum, was chosen. The use
of this norm effectively penalizes small-scale flow. In order to resemble the columnar flow
constraint of Gillet et al. (2015b), a set of geostrophic modes with 1 < k£ < 20 and QG
inertial modes with 1 < N < 10 and 1 < M < 16 was chosen. Consequently, the first 20
entries of the coefficients vector a was associated with the geostrophic modes, while the
remaining part of a consisting of 320 entries accounted for the 160 QG inertial modes with
two coeflicients per each mode. Hence, there was a total number of 340 mode coefficients
that were combined with the 224 SH coefficients of the small-scale error up to degree 14 to
the model vector m of length 564. Since, following Gillet et al. (2015b), the observations
were given in terms of SH coefficients of the COV-OBS field model, the SV on the entire
CMB was included in this inversion and no distinction between the inner and outer part
of the TC was made. The model was determined by solving Eq. (3.29) with d,,s = &, the
SV of COV-OBS in 2005, and G = H,,;. The unknown regularization parameter \ leads
to a whole family of solutions. Instead of specifying a target misfit, the regularization
parameter was picked based on maximizing two correlation factors which measured the
similarity between the estimated flow u and Gillet’s flow @. The first one provided a

point-wise correlation defined as (Amit et al., 2007)

B Joup 1 — @] dS
Joup lu + 1l dS

(4.1)

Cpoint = 1
whereas the second one, known as the pattern correlation factor, assessed the fields more
globally (Rau et al., 2000)

Joup u - 0dS
2 —2 1q
\/fCMB [ul dS\/fCMB [a”ds

The surface integral in the pattern correlation factor could be related to the toroidal-

(4.2)

Cpattern —

poloidal coefficients with
nn+1), .- _
u- ﬁdS — thth thth Smcgmc Sms gms
| S5 e T T4 S T

while the point-wise correlation was calculated by first evaluating the velocity fields on
a Gauss-Legendre grid and then summing the grid points with the appropriate weights.
Since the Gillet et al. (2015b) flow was only provided up to harmonic degree 20 of the
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toroidal-poloidal spectrum, zero valued coefficients up to degree 39 were added to match

the number of the expansion coefficients.

In order to maximize point-wise and pattern correlation factors with the flow of Gillet

et al. (2015b) in epoch 2005, the regularization parameter was fixed to A = 0.0128. Maps

of the estimated flow and the ensemble average at that epoch are presented for comparison

in Fig. 4.1.
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Figure 4.1. Top panel: estimated QG flow at the CMB (Hammer-Aitoff projection centered

on the Greenwich meridian) in epoch 2005 under a regularized inversion given the /3-norm

to penalize small-scale flow. The meridians (parallels) are drawn every 30° (15°). Bottom

panel: ensemble average at the CMB in epoch 2005 (Gillet et al., 2015b).

The flow derived from the inversion scheme of this study and the flow of Gillet et al.

(2015b) are found to have very similar features at the CMB including a strong westward

flow in mid and low latitudes as well as gyres of different scales. Both maps show an
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equator-directed flow along the 100°E meridian which becomes a strong and meandering
west-ward drift between 30° and 45° latitude, and finally flows back to the polar regions
at around 90°W. This flow at the CMB looks similar to the one caused by an eccentric
planetary-scale gyre which has been described in earlier studies using broadly columnar
flow constraints (Gillet et al., 2009; Jault, 2008). Furthermore, two smaller anticyclones
within the gyre centered at (45°E, 60°N and S) and (60°W, 45°N and S) are identified
by Gillet et al. (2015b) and at least the first of the two also appear here. When looking
at the region around the Atlantic sector within 15°N and S, a strong westward drift in
both maps is present. However, the estimated flow obtained in this study appears more
uniform there compared to the flow of Gillet et al. (2015b) which shows small deflections
from westward flow at around 30°E and W in that region. Overall, however, this test
demonstrates that the new inversion scheme based on geostrophic and inertial modes can

reproduce previous results.

4.2. Regularized Inversion Using [5>-Norm

Next moving to explore the developed mode-based inversion scheme and the latest ge-
omagnetic data, the data in terms of SH coefficients from Sec. 4.1 was replaced with a
gridded representation of the SV outside the TC from the CHAOS-6-x2 model. For this
purpose, an equal-area grid of 20000 points was first defined on the entire CMB and the
polar regions (where the modes of this study may not be a good representation) were
then removed which produced a total number of 17394 grid points between 60°N and S.
Radial field SV values were derived at every grid point from, in this test, the CHAOS-
6-x2 field model in epoch 2015 which is mostly based on data from the Swarm satellite
constellation. The uncorrelated and isotropic a priori uncertainty of the SV coefficients in
the epoch 2005 of the COV-OBS field model was used again to determine the data error
but adjusted by first projecting the uncertainty onto the grid and then, for simplicity,
setting all off-diagonal covariances to zero. Hence, the matrix C4 was diagonal with a
constant value of 4.11 x 10% (nT/yr)? corresponding to a noise level of around 2 pT/yr at
every grid point. This should be compared with a typical signal of ~10puT /yr. Again, a
base of geostrophic (k£ < 20) and QG inertial modes (N < 10, M < 16) containing a total
of 180 modes was used. The modes were sorted in m with increasing spatial complexity
i.e., the geostrophic modes with increasing k were followed by the QG-modes arranged in

blocks of growing N with increasing M within each block.

The flow structure was regularized using Gillet’s ly-norm (Eq. 3.27) and the regular-

ization parameter was set to the value found in the benchmark test of Sec. 4.1. With
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these parameters, the inversion was carried out according to Eq. (3.29) with dops = b and

G = GgaHaye. The results are presented in Fig. 4.2.

The misfit norm (dyrq — dobs) "Cy ' (dpra — dops) between the observed and the predicted
gridded SV outside the TC is 78 which corresponds to an rms misfit of 136 nT/yr well
within the a priori uncertainty of 2pnT/yr on the gridded SV. Gillet et al. (2015b) have
argued that such an apparent overfitting is necessary in order to reproduce both changes of
length of day and rapid field changes at ground observatories. The estimated flow is again
mostly westward-directed with high velocities at mid and low latitudes outside the Pacific
region. The overall westward drift of the radial SV is also reflected by the fact that most
of the estimated geostrophic mode coefficients are negative. Noteworthy is a localized
strong westward flow at the equator, at around 90°W which was not present in epoch
2005. Further, it is noteworthy that alternating radial SV patches are correctly predicted
in the northern but not in the southern polar region although they were excluded from
the data. The map of the radial SV due to the small-scale error is also given in Fig. 4.2
and shows that more of its power is spatially distributed along 90°E and W meridians. In
accordance with the relatively low misfit level, the map of the residuals shows that only
little power remains outside the TC. From the SV power spectra at the CMB, it can be
also seen that there is consistently less power per harmonic degree in the SV predicted
by the small-scale error than in the SV predicted by the estimated flow. Further, note
that the decreasing mode amplitude with increasing mode number reflects the effect of

the chosen lo-norm (Eq. 3.27) which suppresses small-scale flows.

4.3. Regularized Inversion Using [;-Norm

Instead of penalizing the small-scale flow, one can seek a flow that consists of as few
non-zero modes as possible by regularizing the inversion with the /;-norm of the mode
coefficients. This way, a simple flow is preferred in the sense that only a small number of

modes is needed to represent it.

Similar to the set up in the previous section, gridded SV at 17394 points outside
the TC from CHAOS-6-x2 in epoch 2015 were used with an uncorrelated and isotropic
a priori uncertainty of 2pT/yr. In contrast to the ly-regularized inversion of Sec. 4.1,
in order to implement the [;-norm, recursive estimation of the mode coefficients was
required within an iteratively re-weighted least-squares approach as given in Eq. (3.31)
with dgps = b and G = GgaHaye. After tests, a value of € = 1 x 10~ was chosen in

Ekblom’s measure Eq. (3.21). A convergence criterion was adopted that the recursive
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flow and pred. SV of large-scale field in 2015
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Figure 4.2. Regularized inversion using Gillet’s lo-norm for geostrophic (k < 20) and QG
modes (N < 10, M < 16). Top panel: estimated flow at CMB and predicted radial SV
due to large-scale field advection in epoch 2015. Middle panel: map of radial SV due to the
small-scale error term (left) and radial SV residuals (right). Bottom panel: mode amplitudes
(left) and SV power spectra at the CMB (right) showing observed SV derived from CHAOS-6
(black); total predicted SV (blue); predicted SV from large-scale field advection (red); small-
scale error (orange); SV residuals (dashed blue); and SV observation uncertainty (dashed

black).
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estimation was terminated when no model parameter changed more than 0.01km/yr

between successive iterations (see App. A.1 for parts of the MATLAB code).

In the following, the results of the [;-regularized inversion using three different sets
of modes are presented. For each set, two cases are further distinguished which refer
to the level of misfit. In the first case, referred to as weakly [;-regularized, the misfit
in epoch 2015 was 136 nT in terms of the rms of the residuals, identical to the ly-norm
inversion presented in Sec. 4.2. In the second case, referred to as strongly [;-regularized,
the misfit in epoch 2015 was chosen three times as high corresponding to an rms residuals
of 235nT /yr.

4.3.1. [;-Inversion for QG Modes

Similar to the lo-regularized inversion above, a set of geostrophic (k < 20) and QG modes
(N <10, M < 16) was used to represent the flow. In order to have the same misfit level
as for the ly-norm inversion (Sec. 4.2), the regularization parameter was set to A = 2.42.
The results are summarized in Fig. 4.3. Probably the most striking difference with the
lo-inversion of Fig. 4.2 is the much rougher westward flow in the equatorial region between
15°N and S. This is due to the increased power in the small-scale flow which is not as
strongly damped as before with the ly-norm (see mode amplitudes). Again, most of the
power in the predicted SV comes from the action of the estimated flow on the large-scale
field which is higher for every harmonic degree than the contribution of the SV due to

the small-scale error term.

In a next step, the regularization parameter was increased to A = 29.8 in order to
promote to a greater extent a sparse model and a simple flow. The misfit level in epoch
2015 therefore grew to an rms value of 235nT /yr or three times the previous level (see
Fig. 4.4). There is less power in many modes and the overall flow appears very uniformly
westward-directed without many small eddies on the CMB. The small-scale error term
accounts for most of the spatial structure in the observed SV around the 90°E and W
meridians. When looking at the spectrum of the predicted radial SV (Fig. 4.4, bottom
right), the power per harmonic degree of the small-scale error is on the same level and
similarly distributed as the predicted SV from advecting the large-scale field. Hence, when

the flow is stronger regularized, the small-scale error takes most of the predicted SV.
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Figure 4.3. Weakly [1-regularized inversion for geostrophic (k£ < 20) and quasi-geostrophic
estimated flow at CMB and predicted radial SV

modes (N < 10, M < 16). Top panel:

due to large-scale field advection in epoch 2015. Middle panel: map of radial SV due to the
small-scale error term (left) and radial SV residuals (right). Bottom panel: mode amplitudes
(left) and SV power spectra at the CMB (right) showing observed SV derived from CHAOS-6
(black); total predicted SV (blue); predicted SV from large-scale field advection (red); small-

scale error (orange); SV residuals (dashed blue); and SV observation uncertainty (dashed

black).
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modes (N < 10, M < 16). Top panel: estimated flow at CMB and predicted radial SV
due to large-scale field advection in epoch 2015. Middle panel: map of radial SV due to the
small-scale error term (left) and radial SV residuals (right). Bottom panel: mode amplitudes
(left) and SV power spectra at the CMB (right) showing observed SV derived from CHAOS-6
(black); total predicted SV (blue); predicted SV from large-scale field advection (red); small-
scale error (orange); SV residuals (dashed blue); and SV observation uncertainty (dashed
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4.3.2. [;-Inversion for Symmetric Modes

The basis of modes was next extended to include all symmetric modes (note this also
includes the QG modes from the previous inversion) with N < 10 and M < 16. To-
gether with the 20 geostrophic modes, the number of modes increased to 1780 which
corresponded to 3540 mode coefficients that needed to be estimated in the model vector.
The regularization parameter was again chosen to give an rms misfit of 136 n'T/yr for the

weakly regularized case or 235nT /yr for the strongly regularized case in epoch 2015.

Fig. 4.5 shows the weakly-regularized case for which A = 24.9 was chosen. The esti-
mated flow is mostly going to the west and spatially smooth in a broad band around the
equator between 30°N and S as opposed to the case of using QG modes only (Sec. 4.3.1).
Note also that the flow pattern that is possibly associated with an eccentric planetary-
scale gyre is hardly visible and of secondary importance when compared to the strong
flow at the equator. There are a few modes whose amplitudes stand out but are not the
QG modes. This shows that the algorithm does not prefer the QG modes over more gen-
eral symmetric modes if given the freedom. Fig. 4.6 summarizes the results of a stronger
[1-regularized inversion using A = 76.2. Again, the increased regularization decreases the

mode amplitudes and causes increased power in the small-scale error.

4.3.3. [;-Inversion for Symmetric and Antisymmetric Modes

Going further, the antisymmetric modes were included. This type of inertial modes breaks
the formerly imposed equatorial symmetry expected for rapidly-rotating flow and results
in a flow that is allowed to cross the equator. Relaxing the symmetry constraint is also
tested by Baerenzung et al. (2014) who, based on the findings of their probabilistic core
surface flow inversion, suggest that deviations from a quasi-geostrophic assumption should

be allowed to occur.

Using all types of inertial modes, the base for the flow included geostrophic (k < 20),
symmetric (N < 10, M < 16) and antisymmetric modes (N < 10, M < 16). In total
7412 mode coefficients of 3716 modes had to be estimated. Again, the misfit level was
fixed to 136 nT/yr and 235nT /yr for the two inversions which translated to A = 34.1 in
the first and A = 86.6 in the second case. Fig. 4.7 and Fig. 4.8 give an overview of the
inversion results. Low latitudes show a westward flow around the Atlantic sector but the
amplitude of the flow is in general much smaller than in the previous cases of using a small
number of modes. Baerenzung et al. (2014) obtained with their probabilistic approach

a spatially smooth flow in epoch 2005 that also crossed the equator south of India and
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Figure 4.5. Weakly [;-regularized inversion for geostrophic (k < 20) and symmetric modes
(N <10, M < 16). Top panel: estimated flow at CMB and predicted radial SV due to large-
scale field advection in epoch 2015. Middle panel: map of radial SV due to the small-scale
error term (left) and radial SV residuals (right). Bottom panel: mode amplitudes (left) and
SV power spectra at the CMB (right) showing observed SV derived from CHAOS-6 (black);
total predicted SV (blue); predicted SV from large-scale field advection (red); small-scale
error (orange); SV residuals (dashed blue); and SV observation uncertainty (dashed black).
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Figure 4.6. Strongly [;-regularized inversion for geostrophic (k < 20) and symmetric modes
(N <10, M < 16). Top panel: estimated flow at CMB and predicted radial SV due to large-
scale field advection in epoch 2015. Middle panel: map of radial SV due to the small-scale
error term (left) and radial SV residuals (right). Bottom panel: mode amplitudes (left) and
SV power spectra at the CMB (right) showing observed SV derived from CHAOS-6 (black);
total predicted SV (blue); predicted SV from large-scale field advection (red); small-scale
error (orange); SV residuals (dashed blue); and SV observation uncertainty (dashed black).
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featured a large intensity of westward drift in the Southern Hemisphere. In this study,
a strong and large-scale flow across the equator is not found at any epoch covered by
CHAOS-6, however, the equatorial symmetry is clearly broken as seen by the power in
the small-scale antisymmetric modes and for example in the Atlantic ocean southwest of

Africa (see Fig. 4.7, top).

4.4. Flow Time-Dependence of the Inferred Core Flows

The geomagnetic field model CHAOS-6-x2 covers the time period from 1999 to 2017 and
the approach developed above can be therefore used to study how the estimated flow
changes through time. The approach here consists of simply estimating snapshots of the
model vector at different epochs between 1999 and 2017 using the [;-regularized inversion
of the three sets of modes presented in the previous section. First, the regularization pa-
rameter was fixed to give a misfit of 136 n'T/yr in epoch 2015 and then the whole inversion
algorithm was repeatedly executed while computing the SV and the core field from the
CHAOS-6-x2 geomagnetic field model at equally-spaced epochs within the considered time
period. The spacing was chosen to be 0.5 years. After all snapshots had been evaluated,
a cubic spline interpolation of the mode amplitudes was constructed. The interpolation
could then be further used to evaluate means over the time interval and LOD changes (see
Eq. 4.3) by taking time-derivatives. It should be kept in mind that this approach is very
different from the time-dependent core flow inversion performed by Gillet et al. (2015b)
since temporal correlations are not accounted for. Nonetheless, it was hoped to identify
modes that are relevant for the time-dependence of the core flow and it also offered an
opportunity to independently test the geostrophic part of the estimated flow with the
help of length of day (LOD) predictions.

4.4.1. Predictions for LOD Changes

Earth’s rotation period or LOD is not constant with 86000s but varies over days to
millennia due to changes of its angular momentum caused by external torques and the
interaction between different parts of the Earth system (Holme, 2015). This variation can
be attributed to different sources such as the gravitational pull of the sun and the moon
which cause a slowing down of currently 1.4 ms per century. Wind and ocean circulations
also affect the rotation rate but on shorter, yearly or subyearly timescales. Further it was
realized that the core takes up angular momentum and thus changes the observed LOD.

Jackson et al. (1993) derived an expression to link changes of zonal toroidal motions with
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Figure 4.7. Weakly [;-regularized inversion for geostrophic (k < 20), symmetric (N < 10,
M < 16) and antisymmetric modes (N < 10, M < 16). Top panel: estimated flow at CMB
and predicted radial SV due to large-scale field advection in epoch 2015. Middle panel:
map of radial SV due to the small-scale error term (left) and radial SV residuals (right).
Bottom panel: mode amplitudes (left) and SV power spectra at the CMB (right) showing
observed SV derived from CHAOS-6 (black); total predicted SV (blue); predicted SV from
large-scale field advection (red); small-scale error (orange); SV residuals (dashed blue); and

SV observation uncertainty (dashed black).
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Figure 4.8. Strongly L;-regularized inversion for geostrophic (k < 20), symmetric (N < 10,
M < 16) and antisymmetric modes (N < 10, M < 16). Top panel: estimated flow at CMB
and predicted radial SV due to large-scale field advection in epoch 2015. Middle panel:
map of radial SV due to the small-scale error term (left) and radial SV residuals (right).
Bottom panel: mode amplitudes (left) and SV power spectra at the CMB (right) showing
observed SV derived from CHAOS-6 (black); total predicted SV (blue); predicted SV from
large-scale field advection (red); small-scale error (orange); SV residuals (dashed blue); and

SV observation uncertainty (dashed black).
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Figure 4.9. Predicted and observed excess LOD corrected for atmospheric dynamics, tidal
signal and tidal braking. The individual graphs of the excess LOD were made offset-free by

removing the respective time-averages.

changes of LOD. In particular, only two toroidal expansion coefficients are required in
(Jackson et al., 1993)

12
AT = 1.1381{L81 (At?c + 7At§¢) , (4.3)

m-yr-

where the change of LOD, AT, is measured in ms and the toroidal coefficients under
the Schmidt quasi-normalization in km/yr. With this equation, changes of LOD can be
predicted and tested against observed LOD from which signals of sources other than the
core have been removed. In particular, the observed LOD was corrected by removing the
contribution of atmospheric dynamics and model predictions of the tidal signal from the
solid Earth (Gillet et al., 2015b). Further, the slowing down of 1.4ms/cy due to tidal
braking was subtracted. Fig. 4.9 shows the corrected observed excess LOD together with
the predictions of the weakly [;-regularized inversions of this study and Gillet et al. (2015b)
(until 2010). Especially in the first half of the considered time period, the predicted LOD
agrees well with the observations. However in the second half, the predictions start to
deviate more. The lack of satellite data in 2010-2013 might explain the departures of the
predicted LOD from the observed LOD during this time. Following Gillet et al. (2015b),
the ratio between the rms values of observed and predicted LOD, calculated over the
considered time period, can be used to measure the impact of the model choice. The
statistic is given by (Gillet et al., 2015b)

—1
E'Y = (/(Wobs - ;Yobs>2dt> /(Vprd - &Prd)2dt7 (44)
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where 7 is the observed or predicted LOD and % denotes its time-average. The integration
was replaced with a summation of discrete values from epoch 2000 to 2016. Values for £,
were found to be 2.26 in the case of QG modes, 3.13 for all symmetric modes and 1.27
when the antisymmetric modes were also included. Gillet et al. (2015b) found for a value

of 1.34 for this measure.

As could be seen in the previous sections, there is a great variety of results that can
be produced by choosing different sets of geostrophic and inertial modes to represent the
flow. In the following, only results from the [;-inversion for QG modes are presented. They
give the most restrictive basis and are important because they represent the expected core

dynamics.

4.4.2. Mode Time-Dependence

First, the mode amplitudes and accelerations for the 180 geostrophic and QG modes
are considered. The amplitude of a single mode, which is equivalent to a velocity, for
a given N and M was formed by taking the square root of the sum of the squared
mode coefficients, corresponding to the sine and cosine constituents in longitude. The
acceleration amplitude was calculated essentially the same way except that the time-

derivative of the spline-interpolated coefficients was used.

Fig. 4.10 shows the rms of the mode amplitude and the acceleration amplitude calcu-
lated over the epochs from 2000 to 2016. Most of the modes have rms amplitudes below
2km/yr that gradually decrease towards high mode numbers, which are associated with
small-scale flows. Noteworthy is a small number of modes which have high amplitudes.
For example, the first mode, which corresponds to the geostrophic mode with k = 1,
shows the highest amplitude with 5.8 km/yr. In case of the acceleration, most of the
modes have averages below 0.2 km/yr?. Besides the geostrophic mode with k& = 1, there
are in particular four QG modes that have high rms amplitudes. The time-dependence
of the amplitudes and the acceleration amplitudes for these modes is shown in Fig. 4.11.
The last two modes of the selection, (N =5, M = 2) and (N =7, M = 3), are also
the ones which experience the highest rms acceleration in the considered period. The
shown mode amplitudes do not change uniformly but have short period oscillations of a
few years superimposed on the long timescale trend. Further it seems that the modes in
Fig. 4.11 undergo quite distinct changes in time. In order to get a better understanding
of the spatial appearance of the QG modes, maps of the meridional plane and the CMB
are shown in Fig. 4.12. The geostrophic mode with £ = 1 is characterized by a zonal

flow with a maximum velocity at the equator and zero velocity at the poles. The QG
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Figure 4.10. Rms velocity and acceleration amplitudes of geostrophic (£ < 20) and QG
modes (N < 10, M < 16).

modes with high wavenumber strongly contribute to the core surface velocity at mid and
low latitudes in the form of non-axisymmetric azimuthal flow. Note that the QG mode
with N =1 and M = 1 has the second largest rms amplitude which is interesting since it
allows large-scale flows that are similar to the planetary-scale eccentric gyre, interpreted

by other authors.
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Figure 4.11. Mode and acceleration amplitude of the first geostrophic and four QG modes
which have the highest rms amplitude over the period from 2000 to 2016.
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Figure 4.12. Maps of the meridional plane and CMB (left and right in each panel) of
the QG mode and the first geostrophic mode with the five highest rms mode amplitudes in
2000-2016.
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5. Discussion

A number of interesting aspects of the inversion results presented in Ch. 4 are chosen
here for further discussion. First, the flow in mid and low latitudes is examined in detail
to see if they can account for SA pulses associated with geomagnetic jerks (Sec. 5.1).
Second, it is considered whether the [;-regularized models can be further reduced to give
a simple description of the flow in terms of a subset of chosen modes (Sec. 5.2), and third,
the impact of the small-scale error parametrization is discussed (Sec. 5.3). Finally, the
prospect of moving to a probabilistic approach, to better describe the range of possible

flows, is briefly presented and discussed (Sec. 5.4).

5.1. The Origin of Geomagnetic Jerks and Secular

Acceleration Pulses

An important question is whether [;-regularized models can provide new insights into the
dynamics of the flow in mid and low latitudes. A better understanding of the core flow

is in particular of interest for the study of geomagnetic jerks and related SA pulses (see

Ch. 1).

Fig. 5.2 shows the SA calculated from the CHAOS-6-x2 model in epochs 2006, 2009
and 2013 when SA pulses peaked. The pulses in epoch 2006 and 2009 are clearly visible at
the core surface in form of three patches of increased SA in the Atlantic sector which are
similar but have changing polarity. In epoch 2013 the SA patches appear again with the
same polarity as in 2006 but are slightly shifted to the west. Fig. 5.2 shows the SA that is
generated by the time-dependent estimated [;-norm QG flow at the same epochs. Again,
patches of increased SA appear in the Atlantic sector, similar to those in Fig. 5.1. It was
found that much more power was contained in the QG flow and not in the small-scale
error. When all symmetric and antisymmetric modes are modeled, the SA pulses are
mostly explained by the small-scale error term, suggesting problems with its use in those

cases. Fig. 5.2 also shows the acceleration of the modeled QG flow. Especially in the

95



5.2. A REDUCED QG MODE MODEL

SA in 2006 (CHAOS-6-x2) SA in 2009 (CHAOS-6-x2)
= 2 ﬂ: S > e ” e N
DAY MR AR W
Y i, A \ \ o, ey A
e MT/}’I"2 e uT/yrZ
-2 -1 0 1 2 -2 -1 0

SA in 2013 (CHAOS-6-x2)

7 3 A

F~
=

—
Y h
\

—— NT/YTQ

-2 -1 0

Figure 5.1. Secular acceleration (SA) at the core surface (degree 1 to 8 only) calculated
from CHAOS-6-x2 model.

epochs 2006 and 2013, there is strong acceleration in azimuthal direction at around 40°W
at the Equator. The result in Fig. 5.2 support the hypothesis of Finlay et al. (2016), that
the time-dependence of the azimuthal flow at 40°W at the Equator is responsible for SA

pulses at that location.

A possible improvement of the method might be achieved by solving for a steady back-
ground flow using symmetric and antisymmetric modes, while allowing time-dependence

of certain geostrophic and QG modes.

5.2. A Reduced QG Mode Model

In this study, the flow at the core surface has been parametrized in terms of geostrophic
and inertial modes. The regularization in the inverse problem with an /;-norm resulted
in models which were characterized by a relatively small number of modes having high
amplitudes and time-dependence. One can ask the question whether a subset of modes

could be selected that would still be able to explain the data reasonably well, and capture
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Figure 5.2.

Left: Secular acceleration (SA) at the core surface (degree 1 to 8 only)

predicted by the effect of the QG flow on the large-scale magnetic field in epoch 2006, 2009

and 2013. Right: acceleration of the QG flow at the same epochs. The /1-norm was used to

regularize the flow (see Sec. 4.3.1, weakly regularized).

the crucial time-dependence.

A first attempt to do this involved increasing the regularization parameter in the ;-

inversion algorithm. However, this severely decreased many of the mode amplitudes which

was not desired. An alternative approach was therefore explored, taking the solution of a

weakly [;-regularized inversion using QG modes and selecting a subset of 21 modes which

showed large rms mode amplitude and mode acceleration amplitude over the considered
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time period. These were chosen as a reduced basis which was then used in a un-regularized
(for the flow) least-squares approach to fit the data while still co-estimating the SV due
to the unresolved small-scales. The misfit level was found to be twice that of the original
model and the flow was found to be mostly azimuthal without many pronounced vortices
(Fig. 5.3). Also, it was found to overpredict the amplitude of LOD changes by a factor of
two and gave £, = 23 (see Sec. 4.4.1). These observations suggest that the performance
of this reduced model is less good compared to other /;-regularized models of this study,
although this might also be expected given the smaller number of model parameters. The
manner of choosing the modes for the reduced model should also be reconsidered since it
was rather crude and might not correctly identify the modes that are important for the
flow structure and its time-dependence. However, it is interesting to see that the reduced

model still catches the SA pulses in Fig. 5.1, only slightly less pronounced.

5.3. Impact of the Parametrization of the Small-Scale

Error Term

All lengthscales of the magnetic field at the core surface contribute to the observable
large-scale SV by interacting with the core surface flow. The fact that the small-scale
magnetic field is unknown necessarily leads to the a small-scale error term (Eq. 3.5) which
significantly impacts the ability to infer meaningful core flows from SV observations. A

serious inversion for the flow needs to take the bias due to small-scale errors into account.

This study adopts an augmented state approach which allows the small-scale error to
be co-estimated along with the flow. The implementation requires a covariance matrix of
the small-scale error in order to specify a priori information on the expected variance and
spatial correlations of the small-scale error. A further shortcoming of the present study is
that temporal correlations of the error has not been addressed although their importance
has been pointed out by Gillet et al. (2015b). Here, a covariance matrix from a geodynamo
calculation Barrois et al., 2017 has been used. Although a reasonable start, this is not
formally consistent with the large-scale flow estimated. In future studies, experiments
with the estimated flow acting on small scales consistent with the geomagnetic spectrum
could be performed and the covariance matrix C, iteratively updated. A more complete
approach such as the one presented by Gillet et al. (2015b), however, was beyond the
scope of this study. The presented approach is therefore considered as a first attempt to

account for the small-scale error in the core flow inversion.

With the augmented state approach, it was found that the small-scale error can have
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Figure 5.3. A reduced model for a subset of geostrophic and QG modes. Top panel:
estimated flow at CMB and predicted radial SV due to large-scale field advection in epoch
2015. Middle panel: map of radial SV due to the small-scale error term (left) and radial SV
residuals (right). Bottom panel: mode amplitudes (left) and SV power spectra at the CMB
(right) showing observed SV derived from CHAOS-6 (black); total predicted SV (blue);
predicted SV from large-scale field advection (red); small-scale error (orange); SV residuals

(dashed blue); and SV observation uncertainty (dashed black).
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a significant effect on both the flow structure and the level of misfit. This can be seen
for example, when the core flow is estimated without including the small-scale error.
If the level of misfit is to be maintained, then the regularization of the flow has to be
reduced. This yields stronger and more complex flows. In other words, if the small-scale
error is included then the regularization parameter can be increased, reducing the power
in the flow. Fig. 5.4 shows an [;-regularized model based on geostrophic, symmetric and
antisymmetric modes having the same misfit as the model in Fig. 4.7 but without including
the small scale error term. Ideally, the misfit level is set equal to the observational error.
In this study however, such a misfit level regularized the flow to an unacceptable level
at which most of the observed SV power was modeled by the small-scale error and not
by the action of the flow on the large-scale magnetic field. Therefore, the regularization
parameter was initially selected based on a high correlation factor between the modeled
flow here and that one derived in the more complete study by Gillet et al. (2015b), where
LOD changes and rapid SV changes were fit. A better approach would be to directly fit
to satellite and ground-based data rather than a field model, since better error estimates

are available for such data.

5.4. Towards a Probabilistic Inversion

The inverse problem studied here is highly non-unique and has many solutions that are
consistent with the data. In this thesis, this was dealt with by minimizing a cost function ®
including a norm of the model which penalizes undesired features. For example, Gillet’s
lo>-norm penalizes small-scales in favor of large-scale flows, while the [;-norm penalized

large mode amplitudes.

This approach has major limitations. An alternative is to adopt a probabilistic point of
view where the inverse problem and all its components are defined in terms of probability
density functions. The solution is then given as posterior probability density of the model
o(m), which summarizes all the available information of the physical system and the prior

information on the data as well as the model. This is often stated as (Tarantola, 2005)
o(m) = cL(m)p(m), (5.1)

where ¢ is a normalization constant, L(m) is the likelihood probability density and p(m)
the prior probability density of the model. L(m) gives a measure of how well the model
explains the data whereas p(m) encodes prior information concerning the model often in
form of specific assumptions. In particular for a linearized and explicit inverse problem

with dop,s = Gm and constant G and considering Gaussian distributions for the expected
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flow and pred. SV of large-scale field in 2015
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Figure 5.4. [j-regularized inversion for geostrophic (k < 20), symmetric (N < 10, M < 16)
and antisymmetric modes (N < 10, M < 16) without including the small-scale error term.
Top panel: estimated flow at CMB and predicted radial SV due to large-scale field advection
in epoch 2015. Middle panel: map of radial SV due to the small-scale error term (left) and
radial SV residuals (right). Bottom panel: mode amplitudes (left) and SV power spectra at
the CMB (right) showing observed SV derived from CHAOS-6 (black); predicted SV from
large-scale field advection (red); SV residuals (dashed blue); and SV observation uncertainty

(dashed black).
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error and the prior model, these quantities can be written as (Mosegaard and Rygaard-
Hjalsted, 1999)

1
L(m) < exp [ —=(dops — Gm)TC;* (dops — Gm)
( 2 ) (5.2)

1
p(m) o exp (—EmTRm) :

Note the analogy to the previous formulation of the inverse problem in terms of the cost
function (Eq. 3.16). There, the misfit was measured with (dops — Gm)TC; ' (dops — Gm)
and appears now in the Likelihood probability density. Similarly, the regularization, which
is controlled by R, provides an expression for the prior knowledge on the model and is
equivalent to the inverse of the covariance matrix C,, = R™!. Indeed, by regularizing
small-scale flows, a prior information on the model is effectively specified. In the prob-
abilistic framework, the posterior (m) can be obtained analytically for Gaussian L(m)
and p(m) or for complex priors sampled via a Markov chain Monte Carlo (MCMC) al-
gorithm (see e.g. Mosegaard and Tarantola, 1995). Various statistics to characterize the
distribution can be then derived from the collection of samples. In the case of Gaussian-
distributed Likelihood and a priori information as in Eq. (5.2), the algorithm used in this
study (Eq. 3.29), provides a model estimate that maximizes the posterior distribution.
Hence, under the assumption of Gaussian distributions, the probabilistic approach and
the one of this study are equivalent. Both can adequately characterize the posterior by
providing a mean model and a covariance of the model parameters. Fig. 5.5 shows the es-
timated mode coefficients from Sec. 4.2 with the uncertainty extracted from the diagonal

elements of the a priori and a posteriori model covariance matrices. A shortcoming of the

Model in 2015
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Figure 5.5. Estimated mode coefficients in 2015 (Sec. 4.2) with prior and posterior model

uncertainty.
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approach used here is the choice of the regularization parameter \. It would be better to

specify this a priori, as done in the probabilistic approach.

The uncertainty of the magnetic field itself cannot be included in the approach of
this study. But Mosegaard and Rygaard-Hjalsted (1999) have shown that it is possi-
ble in a probabilistic framework. The Likelihood probability density in Eq. (5.2) then
becomes non-Gaussian and the MCMC algorithm must be applied to sample the poste-
rior (Mosegaard and Rygaard-Hjalsted, 1999). They also show that the model is better
resolved (non-uniqueness and uncertainty) than in the non-probabilistic approach. A
probabilistic inversion using the geostrophic and inertial modes of this study and fitting
directly to satellite and ground data with their uncertainties is an attractive way forward

in the future.

One challenge will be to specify more useful prior information on the modes, in order
to restrict the model space. For example, the QG mode inversions involve 564 model
parameter; this would be very difficult to sample using a MCMC algorithm. Perhaps the
use of a reduced model (Sec. 5.2) may be helpful in this regard.
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6. Conclusions

In this thesis, a new scheme has been developed for predicting the secular variation (SV)
of Earth’s magnetic field given a core flow based on normal modes in a rotating fluid
sphere. The choice of this scheme for representing the core flow is motivated by the
dynamical balance expected in Earth’s core and it allows a suitable modeling of the
flow especially in mid and low latitudes. The error of the SV prediction associated with
unknown small-scale fields at the core surface was accounted for by introducing a small-
scale error term that augmented the vector containing the flow model coefficients. This
forward scheme has then been used as the basis for inverting radial SV from the CHAOS-
6-x2 geomagnetic field model to infer the core flow. Two types of regularization were
explored in the inversion method. First, a standard ls-norm of the horizontal divergence
and vorticity of the flow and second, a new approach based on an [;-norm which penalized
the amplitudes of the normal modes. The latter approach required an iterative numerical

scheme for estimating the model.

A benchmark test demonstrated that the developed inversion scheme could successfully
reproduce previous results by using an [;-norm regularizing the horizontal divergence and
the radial vorticity. Further, by instead using an /;-norm to regularize mode amplitudes,
models were obtained that were dominated by relatively few modes. Considering only QG
modes, the inferred flow became very rough at mid and low latitudes due to increased
power allowed in the small-scale flow. The effect of increasing regularization was studied,
showing that although the power in the modes was decreased, the power in the small-
scale error then increased. The time-dependence of the inferred core flow was studied by
estimating flow snapshots at different epochs between 1999 and 2016. The obtained flow
models showed good agreement with LOD observations until 2010 but deviated somewhat
thereafter, perhaps due to the lack of satellite data in 2010-2013. Considering the time-
dependence of the flow model based on the QG modes, it was found that some modes
had noticeable high rms velocities and rms accelerations over the considered time interval.
They were therefore used in an un-regularized (for the flow) inversion scheme in an attempt
to determine a reduced model. Although the overall performance of this reduced model

was less good (in terms of misfit to the SV) compared to the other models, it successfully
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reproduced SA pulses in 2006, 2009 and 2013.

In conclusion, the developed forward and inversion scheme based on normal modes in
a rotating fluid sphere works well but now requires further investigation. For example
in how best to specify prior information on the modes to restrict the model space. A
further shortcoming is the missing time correlation of the small-scale error, and the present
inconsistency between the estimated large-scale flow and spatial covariance of the small-

scale error.

Coming back to geomagnetic jerks, this study was able to estimate core flow at low
and mid latitudes with a QG mode-based inversion that reproduced SA patches when
pulses occurred in 2006, 2009 and 2013, and the related geomagnetic jerks. Around these
locations, strong time-dependent azimuthal flow structures were inferred. This suggests
that the time-dependence of these features may be the origin of these pulses and hence

of geomagnetic jerks.

In a future work, the inversion should be carried out by directly using magnetic obser-
vations from satellites and ground observatories including their estimated uncertainties

and not, as in this study, indirectly using the predictions of a geomagnetic model.
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A. Example Code

The code was written in MATLAB R2015a and requires additional functions which can

be supplied on request.
A.1. [;-Regularized Inversion

%% Ll1—Regularisation on Grid using CHAOS-6—x2
VL

set (0, defaulttextinterpreter’,’latex’)
set (0, defaultaxesfontsize’ 10.8);
set (0, defaulttextfontsize’ ;10.8);

%define radii of Earth’s surface and CMB in km
r_surf = 6371.2;

r.cmb = 3485;

lat_tc = 30; %distance of TC, co—latitude in degree

theta_tc = lat_tcxpi/180; %in radians

%load MF and SV from CHAOS6

time = 2015; Y%epoch

load (’./CHAOS—6—x2.mat ’); %load spline coefficients of CHAOS—
—6—x2

g_mf_chaos = fnval(jd2000(time, 1, 1), pp, 0); YMF

g_sv_chaos = fnval(jd2000(time, 1, 1), fnder(pp, 1))=*365.25; %<
SV

n_sv = 14; %harmonic degree of SV

n_mag = n_sv; %harmonic degree of MF
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A.1l. L;-REGULARIZED INVERSION

g_mf_chaos = g_mf chaos (1:n.mag*(n_mag+2)); %adjust <«
coefficients vector

g_sv_chaos = g_sv_chaos(l:n_svx(n_sv+2));

%load variance structure of SV from COVOBS.x1 (1840 — 2015)

fid = ’./SV_CovMat_.COVOBS. x1_1840_2015_1y . dat ’;
time_covmat = 2005; %epoch of SV variance
num_row = time_covmat — 1840;
P=n_sv*(n_sv+2);
line=dlmread (fid , "’ ,[num.-row 0 num_row Px(P+1)/2—1]);
var_sv=zeros (P,1); %stores variance of SV
for j=1:P
1=j;

var_sv (i)=line (i + (j—1)%j/2);

end

Y%make sv variance isotropic
spec = powerspec (sqrt(var_sv),n_sv, Surface’);
var_sv = zeros (size(var_sv));
for n=1:n_sv
var_sv(n"2:(n+1)"2—1) = spec(n)/(n+1)*ones(2+«n+1,1);

end
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53

54

55

%load covariance of small—scale error term
P_ee = dlmread(’Pee_divhudeltaBr N—trunc%3d14.dat ) ;

invP_ee = inv(P_ee);

%load toroidal/poloidal coefficients of normal modes
load ’\modes\zon20_qgN10M16’

% load ’\modes\zon20_symN5M10’

% load ’\modes\zon20_symN5M10_asymN5M10’

M = [Tor_coeff; Pol_coeff];

%generate equal area grid outside TC

num = 20000; Y%number of points

points_s = transpose(eq_point_set_polar (2,num));

phi_tangent = points_s (:,1); Y%azimuth
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A.1l. L;-REGULARIZED INVERSION

theta_tangent = points_s(:,2); Y%co—latitude

idx = (theta_tangent >= theta_tc & theta_tangent <= (pi—
theta_tc));

phi_tangent = phi_tangent (idx); Yextract point outside TC

theta_tangent = theta_tangent (idx);

r_tangent = r_cmb/r_surfxones(size (theta_tangent)); %at CMB

%produce matrix to go from spherical harmonics to grid
G_gauss2grid = design_.SHA (r_tangent ,theta_tangent ,phi_tangent <

n_sv);

%Compute matrix for forward problem

A = SV_synthesis(n.mag,n_v,n_sv,g mf chaos); %induction <=
equation

H = AxM,

H aug = [H,eye(n_svx(n_sv+2))]; %augmented state description

H_aug_grid = G_gauss2grid«H_aug;

%Gillet Flow 2005 (for comparison)

load ./ Gillet_flow_2005.mat %first half toroidal/ second half <«
poloidal

n_Gillet = 20; %harmonic degree of expansion

T_Gillet = Flow_Gillet (1: n_Gillet *(n_Gillet+2)); %toroidal

S_Gillet = Flow_Gillet (n_Gillet*(n_Gillet+2)+1:end); %poloidal

%data weight matrix

Cov_sv = diag(var_sv); %assume uncorrelated SV Gauss <
coefficients

Cov_sv_grid = G_gauss2grid+«+Cov_svxG_gauss2grid ’; %covariance <
of SV on grid

Cov_sv_grid = diag(diag(Cov_sv_grid)); %only diagonal elements

H2 aug_grid=H _aug_grid "« ( Cov_sv_grid\H_aug_grid) ;

B_obs = G_gauss2gridxg_sv_chaos; %gridded SV

Y%augmented data vector for inversion
d = H_aug_grid "«( Cov_sv_grid\B_obs);
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A.1l. L;-REGULARIZED INVERSION

%% L—curve

%predefine arrays for L—curve output

% lambda_exp=linspace (—1.8,3,40);
lambda_exp=log10(2.4174); Y%specify lambda
reg_norm2=zeros (size (lambda_exp));
misfit=reg_norm2;

cor = zeros(size (lambda_exp));

cor2 = zeros(size (lambda_exp));

all_a_aug = NaN(size (H.aug,2) ,length (lambda_exp));

%initial values for non—linear solver

eps = le—5; %for small values, norm tends to Lp—norm
Niter_max = 300; Y%maximal number of iterations
delta_min = le—2; %convergence threshold of solution <«

difference

for i=1:length (lambda_exp)

%L1-Regularization nonlinear solver
lambda = 10" lambda_exp (i) ;

R = eye(size (H,2)); %initial matrix for Ekblom measure
R_aug = blkdiag (lambda*R,invP _ee); %augmented <=

regularization

G = H2_aug_grid + R_aug; %update sytem matrix

a_aug = G\d; %update model vector

Niter = 1;

delta = 1;

while delta>delta_min && Niter<=Niter_max
a = a.aug(l:size(M,2)); %extract flow amplitudes
R = diag(1./sqrt(a."24+eps”2)); %update Ekblom measure
R_aug = blkdiag(lambdaxR,invP _ee); Y%augmented <>

regularization
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a_aug_old = a_aug;

G = H2_aug_grid + R_aug; %update sytem matrix
a_aug=G\d; %update model vector

delta = max(abs(a_aug—a_aug_old));

Niter = Niter+1;

end

if Niter == Niter_ max+1 && delta>delta_min

disp ([ 'maximum number of iterations reached (delta

,num2str (delta),”)’]);

disp ([ "lambda = 7 num2str(lambda) |)

misfit (i) = NaN;
reg_.norm?2 (i) = NaNj;
cor (i) = NaN;
cor2 (i) = NaN;

else
%write L—curve output

all_a_aug (:,1) = a_aug;

misfit (i)=((H_-aug_grid«a_aug—B_obs) 'x(Cov_sv_grid\(«+
H_aug _grid«a_aug—B_obs)));
a = a_aug(l:size(M,2)); %flow amplitudes

reg_norm?2 (i)=a’xRxa;

cor(i) = flow_correlation (T_Gillet , Tor_coeffxa, <

S_Gillet , Pol_coeffxa);
cor2(i) = point_recovery (T_Gillet , Tor_coeffxa, S_Gillet <=

, Pol_coeffxa);
end

end

%plot L—curve (Ll-Regularization 2 over misfit "2)

figl=figure(1);

dem_obj = datacursormode(figl);

set (dem_obj, "DisplayStyle’, "Window ', "Enable’ | on ")

R

scatter3 (misfit ,reg_ norm2 ,1:length (lambda_exp) ,[] ,lambda_exp, '«

filled ’, ’DisplayName ’, "L—curve ")

hold on
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plot (misfit ,cor, 'DisplayName’, ’Pattern cor.’)

plot (misfit ,cor2, ' DisplayName’, Point cor.’)
hold off
view (2)

grid off

set (gca, 'xscale’,’log’, yscale’ ’log’, Ticklabellnterpreter’, '«

latex ")

xlabel ("misfit at CMB’)

ylabel ("$||a||"2_R$ $(\mathrm{km}/\mathrm{yr}) 2$")
c=colorbar ;

ylabel (¢, '$\log\lambda$’, Interpreter’, latex ’)
legend ("toggle )

%% Statistics on selected solution

%select solution and compute covariances
idx_lambda = 1;

a_

a

€

R

aug = all_a_aug (:,idx_lambda);
= a_aug (1l:size (M,2)); %flow amplitudes

= a_aug(size (M,2)+1:end); %co—estimated small—scale error

= diag(1./sqrt(a."24eps”2));

R_aug = blkdiag (10" lambda_exp (idx_lambda)*R,invP _ee); %<

augmented regularization

Cov_a_aug = inv(H2_ aug_grid + R_aug);

Cov_a_aug_prior = blkdiag(10"—lambda_exp (idx_lambda)xeye (size (+

H,2)),P_ee); %when initializing nonlinear solver

%% Make plots

Y%estimated flow power spectra at CMB

T

S:

g

= Tor_coeffxa; %toroidal flow coefficients
Pol_coeffxa; %poloidal flow coefficients

= g_sv_chaos;

g_pred_ls = Hxa; %SV due to flow and large—scale MF <«

g_

interaction

pred = g_pred_ls + e; %total predicted SV
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g _diff = g pred — g; Yresidual SV

T_diff = T(1:min(length (T) ,length (T_Gillet)))—T_Gillet (1:min (<
length (T) ,length (T_Gillet)));

S_diff = S(1:min(length(S),length(S_Gillet)))—S_Gillet (1:min(«
length (S),length (S_Gillet)));

%predefine arrays for spectra

nmax = 25; %maximum spherical harmonic degree for plotting
powspec_tor = zeros (nmax,1);
powspec_pol = zeros(nmax,1);

)
powspec_tor_Gillet = zeros(n_Gillet ,1);
powspec_pol_Gillet = zeros(n_-Gillet ,1);

powspec_sv = zeros(n_sv ,1);

powspec_pred = zeros(n_sv,1);

powspec_pred_ls = zeros(n_sv,1);

powspec_diff = zeros(n_sv,1);

powspec_var = zeros(n_sv,1);

powspec_e = zeros(n_sv,1);

powspec_tor_diff = zeros(min(n_sv,n_Gillet)  ,1);

powspec_pol_diff = zeros(min(n_sv ,n_Gillet) ,1);

%flow power spectra per independent mode

for n=1:nmax
powspec_tor(n) = nx(n+1)xrms(T(n"2:((n+1)"2-1)))
powspec_pol(n) = nx(n+1)*xrms(S(n"2:((n+1)"2-1))) "

end

for n=1:n_Gillet
powspec_tor_Gillet (n) = nx(n+1)*xrms(T_Gillet (n"2:((n+1)«

9-1))) 2.
powspec_pol_Gillet (n) = nx(n+1)*rms(S_Gillet (n"2:((n+1)«
"2-1))) " 2;

end
for n=1:min(n_Gillet ,nmax)

powspec_tor_diff(n) = nx(n+1)xrms(T_diff (n"2:((n+1)"2-1)))«
9.
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powspec_pol_diff(n) = nx(n+1)*xrms(S_diff (n"2:((n+1)"2-1)) )«
"9,

end

%SV power spectra (sum over independent modes)
r=r_cmb/r_surf; %MB radius in units of surface radius
for n=1:n_sv
powspec_sv(n) = (n+1)xr"—(2xn+4)xsum(g(n"2:((n+1)"2-1))«
"2);
powspec_pred_ls(n) = (n+1)*r" —(2«n+4)ssum(g_pred_ls(n"2:((«
n+1)"2-1))."2);
powspec_pred (n) = (n+1)*r” —(2«n+4)*xsum(g_pred (n"2:((n+1)«

"2—-1)).72);
powspec_diff(n) = (n+1)*r" —(2%xn+4)*sum(g_diff (n"2:((n+1)+
"2—-1)).72);

powspec_e(n) = (n+1)xr"—(2«n+4)sxsum(e(n”2:((n+1)"2-1))."2)«
powspec_var(n) = (2xn+1)*r" —(2+«n+4)*spec(n);

end

%Rau’s correlation coefficient

cor_pattern = flow_correlation (T _Gillet ,T,S_Gillet ,S);

%pointwise recovery factor (Amit et al. 2007)

cor_point = point_recovery (T_Gillet ,T,S_Gillet ,S);

Yo
%plot spectra

fig2=figure (2);
fig2 . Units = "normalized ’;
fig2.OuterPosition=[0 0.05 1 0.95];

%toroidal flow spectra

subplot (1,3,1)

plot (1:nmax, powspec_tor , 'r—’, " Marker’ , 'none’, ’LineWidth’ ;1.2 "«
DisplayName’ , "toroidal flow (km/yr)"2")
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hold on

plot (1: n_Gillet ,powspec_tor_Gillet , 'b—", Marker’, 'none’ , <>
LineWidth’ ;1.2 , ’DisplayName’ ' Gillet toroidal flow (km/yr)«
/\2 7)

plot (1:min(n_Gillet ,nmax),powspec_tor_diff , 'k—"', " Marker ', "«
none’ ,'LineWidth’ 1.2, 'DisplayName ', toroidal flow diff. (<
km/yr)"27)

hold off

set (geca, 'yscale’ [ "log’, Ticklabellnterpreter ' ’latex ’, YTick '«
,10.7(—4:2:4))

axis ([0 nmax le—4 le4d])

xlabel (’Spherical harmonic degree n’)

ylabel ("Flow power spectra per harm. mode (km/yr)$ 2$")

title (" Toroidal Flow Power Spectra at CMB’)

legend ( ’Location’, 'northwest’)

%poloidal flow spectra
subplot (1,3,2)

plot (1:nmax, powspec_pol, 'r—’, " Marker’ |, 'none’, "LineWidth ’ 1.2, "«
DisplayName’ ,’poloidal flow (km/yr)"2")
hold on

plot (1:n_Gillet ,powspec_pol_Gillet , 'b—", Marker’, 'none’ , <=
LineWidth’ ;1.2 , ’DisplayName’ ' Gillet poloidal flow (km/yr)<«

“9)

plot (1:min(n_Gillet ,nmax) ,powspec_pol_diff , 'k— " "Marker’ | "<
none’, ' LineWidth’ 1.2, 'DisplayName’, 'poloidal flow diff. (<
km/yr)"27)

hold off

set (geca, 'yscale’ [ "log’, Ticklabellnterpreter’ | ’latex’, YTick '«
,10.7(—4:2:4))

axis ([0 nmax le—4 le4d])

xlabel (’Spherical harmonic degree n’)

ylabel ("Power per harm. mode (km/yr)$°2$")

title ("Poloidal Flow Power Spectra at CMB’)

legend ( ’Location’, 'northwest’)

%SV power Spoctra
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subplot (1,3,3)

plot (1:n_sv ,powspec_sv, k=", "Marker ', 'none’, "LineWidth’ ;1.2 "«
DisplayName ', 'SV model (CHAOS-6) (nT/yr)"27)

hold on

plot (1:n_sv ,powspec_var, 'k—.", "Marker ', 'none ", "LineWidth ’ ;1.2 /<
"DisplayName’ | ’SV obs. error (nT/yr)"27)

plot (1:n_sv ,powspec_pred, 'b—", " Marker’ | "'none’, "LineWidth’ 1.2/«
'DisplayName’,’SV prediction (large + small) (nT/yr)"2")

plot (1:n_sv,powspec_diff , '"b—.", "Marker’, 'none ’, "LineWidth "«
,1.2, ’DisplayName ', 'SV diff. (large + small) (nT/yr)"2")

plot (1:n_sv ,powspec_pred_ls , 'r—", " Marker’, 'none’, ’LineWidth '«
,1.2, ’DisplayName ', 'SV large—scales (nT/yr)"2")

plot (1:n_sv ,powspec_e, ’—’, " Color’ ;[1,0.6,0], Marker’, 'none’, <«

LineWidth’ ,1.2, ’DisplayName’,’SV small—scales (nT/yr)"2")

hold off

set (geca, 'yscale’ [ "log’, Ticklabellnterpreter ', ’latex ’, YTick "«
,10.7(—2:2:8))

axis ([0 n_sv le—2 1e8])

xlabel (’Spherical harmonic degree n’)

ylabel (’Power per degree (nT)$ 2S")

title ('SV Power Spectra at CMB’)

legend ('Location’, ’southeast ’)

%

%plot flow maps

%equal—spaced grid for plot

TMax=81;

theta=(1:(TMax—1)/2) *2xpi/TMax; %excludes poles
PMax=TMax—1;

phi=(0:PMax—1) "*2x% pi /PMax;

[phi_grid , theta_grid]|=meshgrid (phi,theta);

%generate flow pattern for plot

Q = TorPol_synthesis(n_v,theta_grid (:) ,phi_grid (:));
Q_theta = Q(l:end/2,:);

Q_phi = Q(end/2+1:end ,:);
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306
sor %velocity components

s08 v_theta=Q_thetaxMsxa;

s00 v_theta_grid=reshape(v_theta 6 size(theta_grid));

3.0 v_phi=Q_phi*Mxa ;

s v_phi_grid=reshape(v_phi,size(theta_grid));

312

s %generate grid of SV at CMB

s Step = 0.25;

si5 lat_B = 0:Step:180;

si6 lon_.B = —180:Step:180;

sir B_r_sv = synth_grid (Hxa,r_.cmb/r_surf , fliplr (lat_-B) lon_B); %«

3

—_

large—scale SV prediction

sis B_r_sv_res = synth_grid (Hxate—g_sv_chaos ,r_.cmb/r_surf  fliplr (<«
lat_B) ,lon_B); %measured SV

si9 B_r_sv_e = synth_grid(e,r_.cmb/r_surf , fliplr (lat_-B) lon_B); %«
measured SV

320

221 Tad=180/pi;

a2 lat_v=90—theta_gridx*rad;

a3 lon_v=phi_grid=xrad;

324

35 B_ref = makerefmat(’RasterSize’ |, size(B_r_sv),

326 "Latlim ', [-90 90], ’'Lonlim’, [—180 180]);

327

w5 C_1=35000: YnT

s20 v_scale = 25; Ykm/yr

s30 load coast;

331

sz figd=figure (3);

a3 % fig3 .Units = ’centimeters ’;
aaa % fig3 .Position=[0 5 16 15];
335 igd . Units = 'normalized ’;

a6 fig3 . OuterPosition=[0 0.05 1 0.95];

337

338 %referen ce arrow
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axes (' Position’ ,[0.01 0.11 0.78 0.76]—[0 0.4 0 0], 'Box’, ’off«
")

axesm ('MapProjection’, "hammer’ | ’Frame’, ’off’ ’FLineWidth’ 1)

quiverm (0,0,0,5, k"’ ,0)

set (gca, 'Box’, ’off’, "Visible’, ’off”)

tightmap

text (0.5,0.47 ,[num2str(v_scale),’” km/yr’], “Color’, 'k’ Units«
", "normalized’, ’HorizontalAlignment’, 'Center’, '«
Interpreter ’, ’latex )

%B_r_sv and flow
axes ('Position’,[0.01 0.11 0.78 0.76], ’Box’, 'off’")

axesm ('MapProjection’, "hammer’, ’Frame’, ’on’,’ FLineWidth’ 1,
"Grid’,’on’,’GLineStyle’,'—")

meshm(B_r_sv, B_ref)

hold on

quiverm (lat_v ,lon_v,—v_theta_grid«(5/v_scale),v_phi_grid«(5/«
v_scale),’k’,0)

plotm(lat , long, ’'—k’, Linewidth’ ,0.5)

plotm ((90—1lat_tc)*ones(size (lon_-B)),lon_.B, '—r’, ’Linewidth’  2)

plotm(—(90—1at_tc)*ones(size(lon_.B)),lon.B, —r’, Linewidth ' ,2)

hold off

set (gca, ’Box’, ’off’  ’Visible’, ’off")
caxis (C_1x[—1 1])
tightmap

nio_colormap?2
text (0.5, 1.1,[ flow and pred. SV of large—scale field in ’,«
num?2str (time , *%4.1f7)], "Color’, ’k’,’Units’, 'normalized’

", latex )

"HorizontalAlignment ’, “Center’, Interpreter

%colorbar

axes ('Position’, [0.92 0.35 .03 0.3], 'Box’, ’'off’)

image ([length (map): —1:1]’, ’YData’, [C.1 —C_1]);

set (gea, "YTick”,(-C.1:C.1/2:C_1), ’YtickLabel’ ,(—=C.1/1000:C_14>
/2000:C_1/1000), "yaxislocation’, 'right ’,’Xdir’, ’'Normal’, '«
FontWeight >, ’normal’, 'Xcolor’, ’k’, 'XTickLabel’, {}, '«
Ydir”’ ’

, 'Normal’,’Ticklabellnterpreter ', latex )
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text (0.5, —0.1,’$\mu\mathrm{T}$ / yr’, ’Color’, 'k’,’Units’, '«

normalized ’, "HorizontalAlignment’, 'Center’, Interpreter’
"latex )

%B_r_sv plot of small—scale error

axes ('Position’,[0.63 0.65 0.4 0.3], 'Box’, ’"off’)

axesm ('MapProjection’, "hammer’, ’Frame’, ’on’,’FLineWidth’ 1 ,+
"Grid 7, ’on’, *GLineStyle’, =)

meshm(B_r_sv_e, B_ref)

hold on

plotm (lat , long, ’'—k’, Linewidth’, 1)

plotm ((90—1lat_tc)*ones(size (lon_-B)),lon_.B, '—r’, ’Linewidth’  2)

plotm(—(90—1at_tc)*ones(size(lon_.B)),lon.B, ’—r’, "Linewidth ' ,2)

hold off

set (gca, 'Box’, ’off’  ’Visible’, ’off")

caxis (C_1x[—1 1])

tightmap

nio_colormap?2

text (0.5, 1.1,[ small—scale error (n = ~,num2str(n.sv),’)’], '«
Color’, ’k’,’Units’, 'normalized’, 'HorizontalAlignment’ , '+«
Center’, "Interpreter’, ’latex’)

%B_r_sv map of residuals

axes ('Position’,[0.63 0.02 0.4 0.3], 'Box’, ’off’)

axesm ('MapProjection’, "hammer’, ’Frame’, ’on’,’ FLineWidth’ 1, +
"Grid ", ’on’, ’GLineStyle’,'—")

meshm(B_r_sv_res, B_ref)

hold on

plotm(lat , long, ’'—k’, Linewidth’, 1)

plotm ((90—1at_tc)*ones(size (lon_B)),lon_.B, '—r’ ’Linewidth ', 2)
plotm(—(90—1at_tc)*ones(size(lon_.B)),lon.B, ’—r’,  'Linewidth ' ,2)
hold off

set (gca, 'Box’, ’off’, "Visible’, ’off”)

caxis (C_1x[—1 1])

tightmap

nio_colormap?2
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)

text (0.5, 1.1,[ residuals (n = ' ,num2str(n_sv),’)’], 'Color’, <«
'k’ ,’Units’, ’normalized’, ’HorizontalAlignment’, 'Center’ , <«

)

"Interpreter’,’latex’)

%

%plot amplitudes of modes

kmax=inistruct .zonal .kmax;

Nmax sym=inistruct .symmetric . Nmax;
Mmax sym=inistruct .symmetric . Mmax;
Nmax_asym=inistruct .antisymmetric.Nmax;

Mmax asym=inistruct . antisymmetric . Mmax;

figd=figure (4);
figd . Units = 'normalized ’;
fig4 . OuterPosition=[0 0.05 1 0.95];

lim=10;

stem (1:kmax,a(1:kmax)’, v’ filled ’, "Marker’ | 'none’, ’LineWidth«
’,1.25, "DisplayName ', zonal 7) ;
hold on
if stremp(inistruct.symmetric.status,’on’) && strecmp (inistruct<
.symmetric. qgeostrophy , 'on’)
stem (sum ( [kmax,1]) :sum ([kmax,2*Nmax_sym+«Mmax_sym]) ,a(sum ([<
kmax, 1]) :sum ([kmax,2*Nmax_sym+«Mmax sym]) ), 'b’, "filled "«
, 'Marker’, 'none’ , ’LineWidth’ ,1.25, ’DisplayName’, "<
symmetric (quasi—geo)’);
stem (sum ( [kmax,2* Nmax_sym+Mmax sym,1]) :sum ( [kmax, 2%+«
Nmax_syms*Mmax_sym , ( Mmax_asym* (2 Nmax_asym x ( Nmax_asym-+2 )<
+2))]) ,a(sum ([kmax,2* Nmax_sym+*Mmax sym,1]) :sum ([ kmax, 2%+
Nmax_sym*Mmax_sym, ( Mmax_asym# (2% Nmax_asym * ( Nmax_asym+2 )<«
+2))])) 7, g, filled ', "Marker’ , 'none’, 'LineWidth’ ;1.25 «
"DisplayName ’ |, "antisymmetric ') ;
else
stem (sum ( [kmax, 1]) :sum ( [kmax, (2* Nmax_sym+Mmax_sym (<=
Nmax_sym+1))]) ,a(sum ([kmax,1]) :sum ( [kmax, (2* Nmax_sym=<—
Mmax sym#*(Nmax_sym+1))]))’, b’ , filled 7, "Marker ', "'none <=
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, 'LineWidth’ ,1.25, ’DisplayName ’, "symmetric ’) ;
stem (sum ( [kmax, (2* Nmax_sym+Mmax sym# (Nmax_sym+1)) ,1]) :sum<—

([kmax, 2* Nmax_sym*Mmax_sym ( Nmax_sym+1) , ( Mmax_asym (2% <
Nmax_asym *(Nmax_asym+2)+2)) |) ,a(sum ( [kmax,2* Nmax_sym=<—
Mmax_sym* (Nmax_sym+1) ,1]) :sum ( [ kmax,2* Nmax_syms+Mmax_sym<—
* (Nmax_sym+1) | (Mmax_asym* (2% Nmax_asym  ( Nmax_asym+2)+2) ) <=
1)), g, filled ’, Marker ’, "none’, ’LineWidth ' ,1.25, '
DisplayName’ |, "antisymmetric ) ;

end

var_amp = diag(Cov_a_aug);

var_amp = var_amp (1:size (M,;2));

var_amp_prior = diag(Cov_a_aug_prior);

var_amp_prior = var_amp_prior (1l:size (M,2));

fill ([1:length(a) fliplr (1:length(a))] ’

( —
fliplr (sqrt (var_amp_prior)’)], 'y’ , FaceAlpha’  0.15, <«

,[sqrt (var_amp_prior)
DisplayName’ |’ prior std.dev.’)

fill ([1:length(a) fliplr (1:length(a))],[sqrt(var.amp)’ —fliplr«
(sqrt(var_amp) ') ], 'k’ , "FaceAlpha’ ,0.15, "DisplayName ’ | "«
posterior std.dev.’)

hold off

ylabel (*Velocity (km/yr)’)

axis ([0.5,length(a)+0.5,—1lim ,lim])

title ([ "Solution in ’ ,num2str(time)])

legend ("toggle )

%
%TIwo Flow Map

T_Gillet2 = zeros(n_v*(n_-v+2),1);
T_Gillet2 (1:length (T_Gillet)) = T_Gillet;
S_Gillet2 = zeros(n_vx(n_.v+2),1);
S_Gillet2 (1:1length(S_Gillet)) = S_Gillet;

v_Gillet_theta=Q_thetax|[T_Gillet2;S_Gillet2];

v_Gillet _theta_grid=reshape(v_Gillet_theta ,size(theta_grid));
v_Gillet _phi=Q_phix[ T_Gillet2;S_Gillet2];
v_Gillet_phi_grid=reshape(v_Gillet_phi ,size(theta_grid));
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A.1l. L;-REGULARIZED INVERSION

figh=figure (5);

figh.Units = 'normalized ’;
figh.OuterPosition=[0 0.05 0.55 0.95];
figh . Color="white ’;

load coast;

%Flow Map
axes ('Position’ ,[0.125 0.36 0.75 0.75], 'Box’, ’off’)

axesm ('MapProjection’, "hammer’, ’Frame’, ’on’,’FLineWidth’ 1,
"Grid’,’on’,’GLineStyle’,'—")
hold on

quiverm (lat_v ,lon_v,—v_theta_grid«(5/v_scale),v_phi_grid«(5/«
v_scale),’k’,0)
plotm (lat , long, ’'—k’, Linewidth’ 0.5)

hold off

set (gca, 'Box’, ’off’, "Visible’, ’off”)

tightmap

text (0.5, 1.1,[ Flow (CHAOS6 in ’,num2str(time),’)’], ’Color’
'k’ ,’Units’, ’normalized’, ’HorizontalAlignment’, ’'Center <«
,"Interpreter’, ’latex’)

%reference arrow

axes ('Position’,[0.125 0.36 0.75 0.75]+[0.3 —0.19 0 0], ’Box’,<
Toff )

axesm ('MapProjection’, "hammer’ | ’Frame’, ’off’ 'FLineWidth’ 1)

quiverm (0,0,0,5, k"’ ,0)

set (gca, ’Box’, ’off’, "Visible’, ’off’)

tightmap
text (0.5,0.47 ,[num2str(v_scale),’” km/yr’], “Color’, 'k’ Units«
", "normalized’, ’HorizontalAlignment’, 'Center’ 6 '«

9

Interpreter ’, latex )

%Gillet Flow Map

axes ('Position’,[0.125 —0.15 0.75 0.75], 'Box’, ’off’)

axesm ('MapProjection’, "hammer’, ’Frame’, ’on’,’FLineWidth’ 1, +
"Grid 7, ’on’, *GLineStyle’, =)
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A.1l. L;-REGULARIZED INVERSION

hold on

quiverm (lat_v ,lon_v,—v_Gillet _theta_grid«*(5/v_scale)
v_Gillet _phi_grid«(5/v_scale),’k’,0)

plotm (lat , long, '—k’, Linewidth’,0.5)

hold off

set (gca, ’Box’, ’off’, ’Visible’, ’off")

tightmap

text (0.5, 1.1,’Gillet Ensemble Average (COV-OBS 2005)’, ’Color«
", k7, 7Units’, 'normalized’, "HorizontalAlignment ', '«
Center’,’Interpreter’, ’latex’)

Ve

%plot mode amplitudes

figb=figure (6);
fig6.Units = 'normalized ’;
figh . OuterPosition=[0 0.05 1 0.95];

axl = gca;

hold on

amp_zon = abs(a(1l:kmax));

phase_zon = atan2(zeros(size(amp_zon)),sign (a(l:kmax)));

stem (1:kmax,amp_zon’, 'r’ ' filled ’, "Marker’ |, 'none’ | "LineWidth "<«

,1.25  "DisplayName ', "zonal 7) ;
if stremp(inistruct.symmetric.status,’on’) && strecmp(inistruct«
.symmetric. qgeostrophy , "on”)
a_sym = a(sum ([kmax,1]) :sum ([kmax,2xNmax_sym«Mmax.sym]) );
amp_sym = sqrt(a_sym (1:2:(end—1))."2+a_sym (2:2:end)."2);
phase_sym = atan2(a_sym (2:2:end),asym(1:2:(end—1)));
a_asym = a(sum ([kmax,2*Nmax_sym+Mmax sym,1]) :sum ([kmax, 2%«
Nmax_sym*Mmax_sym, ( Mmax_asym# (2% Nmax_asym * ( Nmax_asym+2 )<«
+2))1));
amp_asym = sqrt(a_asym (1:2:(end—1))."24a_asym (2:2:end)."2)«
phase_asym = atan2(a_asym (2:2:end) ,a_asym (1:2:(end—1)));
stem (sum ( [kmax,1]) :sum ([kmax, Nmax_sym«Mmax_sym]) ,amp_sym’ <
‘b, filled 7, "Marker’, "none’, "LineWidth’ ,1.25, '«
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else

end

DisplayName ', ’symmetric (quasi—geo) ’);

stem (sum ( [ kmax, Nmax_syms«Mmax sym,1]) :sum ( [ kmax, Nmax_syms#<—
Mmax_sym , ( Mmax_asym* (Nmax_asym# ( Nmax_asym+2)+1))|) ,<
amp_asym’, g’ , ' filled ’, "Marker ', 'none’ , ’LineWidth "«
,1.25 , "DisplayName ', ’antisymmetric ’) ;

ylabel ("Amplitude (km/yr) ")

axis ([0.5,(length (a)+kmax) /240.5,0,lim])

legend ( ’Location’, ’northeast’)

a_sym = a(sum ([kmax,1]) :sum ([kmax, (2 Nmax_sym*Mmax_syms (<=
Nmax_sym+1))]) );

amp_sym = sqrt(a_sym(1:2:(end—1))."2+a_sym (2:2:end)."2);

phase_sym = atan2(a_sym (2:2:end),asym(1:2:(end—1)));

a_asym = a(sum ([kmax,2*Nmax_sym+Mmax sym#(Nmax sym+1) ,1]) : <>
sum ( [kmax,2x Nmax_sym+Mmax_sym* ( Nmax_sym+1) , ( Mmax_asym<
(2% Nmax_asym* ( Nmax_asym+2)+2))]) ) ;

amp_asym = sqrt(a_asym (1:2:(end—1))."24a_asym (2:2:end)."2)«

phase_asym = atan2(a_asym (2:2:end) ,a_asym (1:2:(end—1)));

stem (sum ([kmax,1]) :sum ([ kmax , ( Nmax_sym#Mmax_sym  ( Nmax_sym<—
+1))]) ,ampsym’,’b’, " filled *,’Marker’, 'none’, ’LineWidth+«
’,1.25, 'DisplayName ', "symmetric ’) ;

stem (sum ( [kmax , (Nmax_sym*Mmax sym* (Nmax_sym+1)) ,1]) :sum ([«
kmax , Nmax_sym+Mmax_sym ( Nmax_sym+1) , ( Mmax_asym (<=
Nmax_asym#(Nmax_asym+2)+1))]) ,amp_asym’, g’ , ' filled ', "«
Marker ’, 'none’, ’LineWidth ' ,1.25, 'DisplayName ', "<
antisymmetric’) ;

ylabel (" Amplitude (km/yr)”)

axis ([0.5,(length (a)+kmax)/240.5,0,lim])

legend ("Location’, "northeast )

hold off
title ([ '"Mode Amplitude in ’,num2str(time, %4.1f7)])
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