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Abstract

In this thesis, steps are taken toward better separation of geomagnetic field sources at the core and litho-
sphere, by accounting in new ways for the available prior information while modelling satellite magnetic
data. Probabilistic inversion is carried out based on a forward scheme using Green’s functions for Laplace’s
equation in spherical geometry with Neumann boundary conditions. Inversion is accomplished through
direct sequential simulation based on ordinary Kriging, for a source surface defined by an approximate
equal area grid. Prior information is implemented through semi-variogram analysis and generation of
local conditional probability distributions at the source surface. The prior information used, consists of
training images of the core mantle boundary field from core dynamo simulations, and for the lithosphere
field, from models of remanent magnetization of the oceans in combination with full Earth models of
induced magnetization. Stochastic prior realizations of the core mantle boundary and lithosphere field,
which converge toward the target statistics, are achieved through spherical direct sequential simulation.
In addition, probabilistic and regular inversion using synthetic and Swarm satellite observations have been
attempted at the core mantle boundary. In this case, it is possible to derive smooth least squares solu-
tions, as well as posterior realizations which have a mean that converges toward fitting the observations.
It is found that posterior realizations can be generated through the use of observations with less than
global coverage, by way of an approximate global coverage method. This allows for faster computations.
However, results indicate that better posterior realizations are found when using global observations,
showing the approximate global coverage method, as being a poor approximation in this implementation
of the geomagnetic vector field description using Green’s functions. Lack of posterior convergence to
observation fit shows that longer simulations should be carried out, but the current results looks promis-
ing in this regard. Finally, the developed systems o [erl possibilities for including prior information from
more than one source, and possible expansion of the estimation to two simultaneous estimation locations.
Such implementations may open the door to new source separation techniques in the future.



Contents

(1__Introduction | 1
[L.1  Global models of Earth's magnetic éld . . ... ... .................. 1

1.2 Source separation: core and lithosphere . . . . . . . . . . .. .o 2

[1.3 A probabilistic approadh . . . . . . . . . .. ... 3

eor 4

2.1 The torward problem through Green's functions . . . . . . . . . . . . ... ... .... 4

[2.1.1 Green's function description of the geomagnetic vectorjeld . ... .. ... ..

12.1.2 Discretization of the forward problgm . . . . . ... ... ... ... .00, 5
2.2 The inverse problem through ordinary Krigjng . . . . . . . .. .. ... .. .. ..... 5
2.2.1 Ordinary Kriging . . . . . . . . o e e e e 5
[2.2.2 Ordinary Kriging applied to the Green's function description . . . ... ... .. 7
2.3 Direct Sequential Simulation . . . . . ... L. L 10
2.3.1  Sequential simulation . . . . . ... 10
12.3.2  Direct sequential simulation with histogram reproduction . . . . . . .. ... .. 10
[2.3.3  DSSIM of ordinary Kriging applied to the Green's function descrigtion . . . . . . 12
3_Datal 13
[3.1 Approximate equal area giid . . . . . . . . . . .. . . .. ... 13
3.2 Training IMAageS . . . . . . . o e e e e 15
3.3 Semi-variogram modelling of training images . . . . . . . . . . . . . 0. 16
3.4 Local conditional distributions . . . . . . . . . ... 19
3.4.1 Normal score transformation . . . . . . . . . . . .o e 20
3.4.2 Quantile functions and conditional transformation . . . . . ... ... ...... 21
3.5 Synthetic satellite observations . . . . .. .. .. ... ... .. . L 24
3.6 Satellite observations from Swarm . . . . . ... ... 25
3.7 Geostatistical tool: SDSSIM . . . . . . .. 26
3.7.1 Algorithm for stochastic realizations of the prior . . . . . . . ... ... ... .. 27
3.7.2 Algorithm for sequential least squares estimation . . ... ............ 28
3.7.3 Solving the ordinary Kriging systemin Python . . . . . . ... ... ... .... 28
4 Tests and Results 29
4.1 Diagnostics description . . . . . .. L 30
4.2 Sampling the prior . . . . . . . . .. e 32

421 CMB eldwithdipoleremoved . . . . . . . ... ... .. ... .. ... . ... 33



4.2.2 Lithosphere eld at Earth'ssurface . . . ... ... ... ... .......... 35

4.3 Reproducing synthetic satellite observations . . . .. .. ... ... ... ........ 37
4.3.1 Inuence of the chosen observation neighborhood . . . . . . .. ... ... ... 37
4.3.2 Smooth least squares solution . . . . . . ... ... ... 42
4.3.3 LSQ solution with approximate global coverage neighborhood . .. ... .. .. 44
4.4 Observations + prior . . . . . . ... 46
4.4.1 AGC neighborhood observations + prior . . . .. ... ... ... ........ 48
442 Increased core grid Size . . . . . ... 51
4.4.3 Allobservations + prior . . . . . . ... 53
4.5 SDSSIM with Swarm satellite observations . . . . . . . ... .. ... ... . ... 54
4.5.1 Sequential LSQ with Swarm alpha observations . . . . ... ... ........ 55
4.5.2 Posterior realizations from Swarm alpha observations . . . . .. ... ... ... 56
5 Discussion 59
6 Conclusion 62
Bibliography 64
Appendices 65
A Initial project plan 66
B Thesis project agreement 68
C VISIM: Creating a conditional distribution table 70
D Extra results and gures 73
D.1 Samplingthe prior . . . . . . . . . . 73
D.1.1 CMB eldwithdipole . . . . . . . . .. . . 73
D.2 Reproducing synthetic satellite observations . . . ... ... ... ... ......... 75
D.2.1 Test simulation using all synthetic observations . . . . ... ... ... ..... 75
D.2.2 Smooth least squares solution comparison for target histogram choice . . . . . . 77
D.3 Observations + prior . . . . . . . . . . e 78
D.3.1 Reproducing target statistics . . . . .. .. ... ... .. . . o 78
D.3.2 Allobservations + prior . . . . . . . .. . 79
E SDSSIM_1.2: geostatistics Python tool 80
E.1 SDSSIM_Setup . . . . . . . 80
E.2 SDSSIM_grid . . . . . . 81
E.3 SDSSIM_data . . . . . . . . 84
E.4 SDSSIM_semivar . . . . . . . . . e e 86
E.5 SDSSIM condtab . . . . . . . . . . . . e 95
E.6 SDSSIM_Qreens . . . . . . . . . o e e 97
E.7 SDSSIM_SASSIM . . . . . . o 101



Chapter 1

Introduction

Earth is permeated by a magnetic eld. The main eld is generated by dynamo action in Earth's core,
while other sources include electrical currents in the magnetosphere and ionosphere, magnetized rocks
in the crust, and induced electrical currents in the oceans and mantle. The electrical currents in the
outer atmosphere are considered distinctly external, with the collective rest considered internal. For
centuries, scientists have measured the sum of all eld sources directly through Earth-bound methods,
before culminating with measurements of global coverage during the age of space ight, and hence,
satellites. Despite di erences in available technology, a common trait throughout the time of geomagnetic
measurements, is that those with the knowledge at hand seek to explain them. A main tool in this
endeavour has been global models of Earth's magnetic eld (see e.g. Hulot et al., 2015), rst developed
by Carl Friedrich Gauss around 1830 and leading up to modern results such as the global-research-driven
International Geomagnetic Reference Field (IGRF, Thébault et al., 2015). The IGRF is a continuously
updated (semi-decennial) global eld model of the main eld and its secular variation. It is derived from
proposals of sophisticated models such as CHAOS-6 from Finlay et al. (2016).

Parallel to the development of global eld models, is the understanding of core dynamics. For the majority
of geomagnetic research history, these two concepts have not been tightly linked (see e.g. Olson, 2015).
Only late in the twentieth century, did understanding reach a level that could explain dynamo action
in Earth's core as being the main source of the geomagnetic eld. Since then, and with increasing
computational power, developments in core dynamo simulation continue to improve. Modern numerical
simulation e orts (Aubert, 2017) now allow the generation of highly resolved training images of the core
eld. In addition, these numerical simulation results can be expressed in the same mathematical form as
observation-based global models of Earth's magnetic eld.

1.1 Global models of Earth's magnetic eld

The description of Earth's global magnetic eld mainly used today is still based on Gauss' work of spher-
ical harmonic analysis (SHA). | here give a brief description following Kono (2015) and Geomagnetism
lectures at Technical University of Denmark. In order to arrive at the description, two assumptions are
made. The quasi-static approximation and zero electrical current density at observation height. The two
approximations allow Ampeére's law (with Maxwell addition) as seen in equation 1.1.1, to go to zero.

Note which assumption a ect each part of the equation.

roB= g +|0({,§t5} 0 (1.1.1)

zero current - R
quasi-static

Here | denoteB as the magnetic eld vector (also known as magnetic ux density),as electric current
density, o is magnetic permeability in vacuumy is vacuum permittivity, andE is the electric eld
vector. Note that strictly, B = , oH, where , is relative permeability, andH is magnetic eld
intensity. Geomagnetic observations meastite not B, but in the atmosphere, relative permeability is
approximately one, leading to a simple relation between measurements and magnetic ux density. This
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has led toB being referred to as the "magnetic eld vector".

The validity of the assumptions as applied to the global geomagnetic eld descriptions are generally
accepted. The quasi-static approximation depends on the eld changing su ciently slowly, and this
being the case can be shown through scale analysis. The current free region is an approximation,
the ionosphere at satellite altitude is known to have small electrical currents as mentioned. However,
accepting the assumptions leading to a curl-free magnetic eld vector, it is now possible to describe the
global magnetic eld through a scalar potential/, since the curl of the gradient of a (twice-di erentiable)
scalar eld is always zero.

r B=r (r V)=0 ! B=r V (1.1.2)

Here the negative sign is convention. This relation between magnetic eld vector and scalar potential
can be taken further through Gauss' law for magnetism, leading to Laplace's equation.

r B=rr V=0 ! r 2v=0 (1.1.3)

Which has a solution through spherical harmonic expansion. In spherical coordinates it is of the form
given in equation 1.1.4.

- interpal eld
X X ( r}T a n+1{
V(r,; )=a g cosm + h' sinm -
n=t m=0 ) (1.1.4)
n
+ ¢ cosm + sp'sinm 3 P."(cos )
| {z }
external eld

This description of the scalar potential eld is given as a function of radius,co-latitude, , and
longitude, . In addition, a is a reference radius, usually chosen at Earth's surface. The collectigff of

hT, qr', and s are Gauss coe cients of degree n and order m, and naly" are Schmidt-normalized
associated Legendre functions also of degree n and order m. Spherical harmonic analysis like this allow
upward and downward continuation. E.g. a model estimated from observations at satellite altitude, may
infer information about the geomagnetic eld at the core mantle boundary (CMB) or Earth's surface.
Note the association with internal eld sources and external eld sources as dictated by the relative radii
fractions. Finally, this eld description may be arranged as a system of linear equations, with the Gauss
coe cients as model parameters. Using inversion techniques it is thus possible to determine a global
model of Earth's magnetic eld.

1.2 Source separation: core and lithosphere

As shown in equation 1.1.4, separation of the internal and external eld is well described by spherical
harmonic analysis. What is not as well de ned, but indeed a well known problem in geomagnetism, is
separation of the sources that contribute to these elds. The lithosphere and core eld separation problem
is usually shown through the squared magnetic intensity, (r) = hjB j2i, by looking at internal sources
only. This is de ned through the Lowes-Mauersberger spectrum seen in equation 1.2.1.

_ g 2n+4 ¥n . S
Wa(r)=(n+1) - (gn)” + (hy') (1.2.1)

m=0

Which can be computed at some radius,for each degree in the spherical harmonic model. A spectrum
of this kind is shown in gure 1.2.1. Here it is computed for three global eld models, CM4, CHAOS-4,

2
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and a lithosphere eld model, MF7. Note the sharp change in power spectrum around degree 14. This is
taken to be the point at which eld source dominance in SH models change, speci cally a change from
the core to lithosphere eld. As such, this overlap inhibits us from seeing the core eld above degree 14
and the lithosphere eld below degree 14. In practical terms, due to the nature of spherical harmonic
functions, this means that we can't resolve large scale features of the lithosphere eld, and small scale
features of the core eld.

Figure 1.2.1: Spatial power spectrum of the eld of internal origin at Earth's surface, as described by
eld models CM4, CHAOS-4, and the lithosphere eld model, MF7. From Hulot et al. (2015).

1.3 A probabilistic approach

This thesis aims at working toward achieving better core and lithosphere separation. With increasing
capabilities of simulations based on core dynamics, it is thought that including such information may lead
to good alternative methods. Especially if it is possible to include prior information about the core and
crust at the same time, in addition to satellite observations. In this regard, the direct sequential simulation
Markov-Chain Monte Carlo methods used in the Matlab toolbox SIPPI (Hansen and Mosegaard, 2013a,b)
was found to be interesting. Here, two-point statistical information from training images are used to
invert systems of linear equations in Cartesian geometry. Inspired by this implementation, as well as
the underlying GSLIB library (Deutsch and Journel, 1998), this thesis is based on my development of a
geostatistical simulation tool, suitable for spherical geometry. The tool incorporates two-point statistical
conditioning of training images, to do probabilistic inversion of a system of linear equations describing the
geomagnetic vector eld through direct sequential simulation. Something which hasn't been attempted
before.



Chapter 2

Theory

This section describes the underlying theory behind the inverse problem to be solved through direct
sequential simulation. The forward problem under consideration is derived from the same physical con-
siderations used to set up the spherical harmonic expansion description of the geomagnetic scalar potential
outlined in the introduction. These physical considerations lead to Laplace's equation, and where spheri-
cal harmonic functions is a conventional solution to the homogenous equation, another solution is found
by subjecting Laplace's equation to the use of Green's second identity with Neumann type inhomogenous
boundary conditions. As solution | use the work of Hammer (2018), in which a thorough derivation of a
Green's function description of the geomagnetic vector eld can be found.

In addition, | describe the relevant theory in regards to generating realizations of a random variable on
a de ned grid through the two-point statistical method of Kriging based direct sequential simulation. In
this endeavour | follow established geostatistical work such as Deutsch and Journel (1998), Oz and Xie
(2003), and Hansen and Mosegaard (2008).

2.1 The forward problem through Green's functions

2.1.1 Green’'s function description of the geomagnetic vector eld

The wanted Green's function solution to the governing equation of the geomagnetic eld potential is
found in Hammer (2018) chapter 5. The solution is given by equation 2.1.1.

| zZ,Z
Bi(r)=  Gi(r;r9B,(r9ds= Ge(r;r9B,(r%sin d d ° (2.1.1)
S 0 0

This is the forward problem under consideration. Speci cally, it is the exterior Green's function description
linking the geomagnetic vector eld at an observation locatian,to the radial eld at a source location,

r 9, below the observation location. The full solution includes an interior Green's function term, accounting
for external sources, as well as secular variation of the sources. These have been omitted, as only internal
sources and observations separated in time below the shortest secular variation, are considered. For
equation 2.1.1k = r; ; are the vector eld componentsG (r jr 9 is the exterior Green's function, and

B, (r9 is the radial eld at source surfacdS =sin % % ° The exterior Green's functions are de ned

by equations 2.1.2-2.1.4.

_1hQ@ h?)
6 = LM, 2.1.2)
G = %%[cos sin %cos( 9 sin cos 9 (2.1.3)
G = }@[sin Osin( 9] (2.1.4)

r @
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Where the expressions in equations 2.1.5-2.1.7 are de ned for simplicity of appearance in the above
equations.

#
1@N h 1 2h +3h? 1
== + 2.1.5
r@ 4 f3 ff+h ) 1 (2.1.5)
0 P
h= r?; f = ?; R=' r2+r1® 210 (2.1.6)
=cos cos %sin sin °cos( 9 (2.1.7)

Herer; ; and are the geographic spherical polar coordinates of the observation locationy3nf ©
are the source locations.

2.1.2 Discretization of the forward problem

Integral equation 2.1.1 can be approximated by equation 2.1.8 over a collection of diddeetmource grid
points, de ned on the source surfad#S. Naturally, it follows that the approximation accuracy increases
with increasing grid size/resolution.

Ws
By (r) Gi(r;r2)B,(r2)sin 2 o ¢ (2.1.8)

m=1

Here 2 and 9 are discretizations of the dierentiald ®andd ° the product of which can be seen

as the integration area. Performing this approximation requires knowledge of source grid parameters,
such that a de nition of ¢ O is possible for each grid locatiom?, , and that the sum of each
approximate integration area approaches the total area, the product of the integration limits. This is
described by equation 2.1.9.

o 0 =22 (2.1.9)

If this is done correctly such that the condition is upheld reasonably, the expression can now be used to
equate the magnetic eld components &, satellite observation locations, to a matrix kernel associated
with observation and source geometry, and the radial eldN¢ source locations of e.g. the core mantle
boundary or Earth's surface.

2.2 The inverse problem through ordinary Kriging

2.2.1 Ordinary Kriging

For each radial eld source target locatior,;, Ordinary Kriging can be used to nd the best linear
unbiased estimate of the random variable at said target location. This is accomplished by considering
available known realizations of the random variable. In this case a target source vaai(e)), subject

to observations,By(ri). Consider the linear system as given in equation 2.2.1, depending only on
observation values and the weighting factors known as the Kriging weidhts,

Nobs
Br(rd)= FiBk(ri) (2.2.1)
i=1

In order to ensure exact estimation, the di erence between the expected value of the estintés, (r 9)g,
and the estimated parametei f B, (r 9)g, should be zero. Writing out the di erence leads to equation
2.2.2, following lecture notes by Nielsen (2004) in conjunction with Journel and Huijbregts (1978).

5
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%bs
E B (rd) B,(rd) =E B (r) iB(ri)
i=1
%bs
E B/ (r) liE Bk(ri) =0
i=1
U(obs
E B/(rd) = 1E Bu(ri) (2.2.2)

i=1

In order to ensure minimum di erence in expected values, it is clear that the Kriging weights should sum
to one for all radial eld source target locations, . This is the required condition for the estimator to

be unbiased. Equation 2.2.3 expresses this unbiasedness condition as a sum, and vectorizeésvih
vector of ones.

%bs
i = 171 =1 (223)
i=1

In addition to being unbiased, Kriging minimizes estimation variance. A useful expression arises from
vectorization and substitution of the linear system in equation 2.2.1, into the following general expression
for estimation variance.

2
gst E Br(rto) Eg\r(rto) =V Br(rto) I:-"\r(r?)

V B (rd) B k(r)

V B (r) +17C By(r) ! 207C B, (r);B(r)

For simplicity, | write the variance and covariances above as seen in equation 2.2.4.

a= Gpt!TCl 2Tc (2.2.4)

Where gxp is the expected variance of the estimated paramet€r,is the observation to observation
covariance matrix, and is the radial eld source target to observation covariance vector. Minimization
of the estimation variance is achieved through the method of Lagrange multipliers. The optimization
problem is given by equation 2.2.5.

minimize 2, +!TCl 2 Tc (2.2.5)
subject to 17! 1=0

Choosing the Langrange multiplier as2 , the Lagrange function follows in equation 2.2.6.
L= Zp+!TCl 20Tc+2 (171 1) (2.2.6)

Di erentiation with respect to the Kriging weights and the lagrange multiplier, and equating to zero,
yields equations 2.2.7 and 2.2.8.

%:2@ 2c+21 "=C!' c¢c+17=0 (2.2.7)
%:uﬁ 2=1"1 1=0 (2.2.8)
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With a bit of rearrangement, these two equations can be set up as a single system of linear equations,
the ordinary Kriging system given in equation 2.2.9.

" #O# " #
c 1! _c 2.2.9)
L) 1 o

MergingC and the Lagrange related one vectors irKo, the Kriging weights and the Lagrange multiplier
into , andc and the single one intd, | present, in notation following Hansen and Mosegaard (2008),
the ordinary Kriging system in equation 2.2.10.

K =k (2.2.10)

Solving the ordinary Kriging system to get the Kriging weights, and the Lagrange multiplier , can be

done by inversion or similar linear systems solutions. Once the Kriging weights and Largrange multiplier
are known, it is possible to determine the Kriging mean , and Kriging variance 2 . These results
represent the mean and variance of a Gaussian probability density function at the target source location,
conditional to known observations. The Kriging mean is simply the initial linear system that was laid out
in equation 2.2.1, here vectorized in equation 2.2.11.

k =1 TBy(r) (2.2.11)

And a simple expression for the Kriging variance is found from writing out the top row of the ordinary
Kriging system shown in equation 2.2.9.

Cl +1 =c¢
C! c 1

And inserting into the estimation variance that was minimized from equation 2.2.4.

2 - 2 T T
k= ept! (c 1) 20'c
- 2 T T T
= gpt!l'c 71 2'c
= 2%, 'T1 1T¢

exp

Arriving at a simple expression for the Kriging variance in equation 2.2.12 by way of the unbiasedness
condition, 17! =1.

2 - 2 | T

2= 2, 17c (2.2.12)

2.2.2 Ordinary Kriging applied to the Green's function description

In order to get the best linear unbiased estimate of the random variable at a target source location,
conditional on available observations, it should now be clear that the ordinary Kriging system of equation
2.2.10is to be solved. This will lead to the Kriging weights and Lagrange multiplier allowing computation
of the random variable statistics, the Kriging mean and variance. In the case being considered here, the
Green's function description of equation 2.1.8 is the link between observations and the target random
variables at radial eld source locations. The ordinary Kriging system of equation 2.2.10 is a method by
which this system can be inverted, such that the random variable can be estimated through the linear

7
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system of the Kriging mean and variance in equations 2.2.11 and 2.2.12. This collection of required
equations are shown in 2.2.13.

¥s
By (r) Gi(r;r2)B,(r%)sin 2 o ¢
m=1
K =k (2.2.13)
=1 TBy(r)
K= & !Tc

Using the Kriging system de ned in the rst row of 2.2.9, and givéh,,s observationsB i (r), the system
depends on the Kriging weights, the data to data covariance, and the data to source target covariance.
This can be written out as the sum seen in 2.2.14.

u(obs
1iC By(ri);Bk(rj) =C B(ri);Be(rd)  8i=1;:::;Nops (2.2.14)
i

Where! j are the Kriging weightsC B (ri);B(rj) are the data to data covariances, a@ By (r;); B (r?)
the data to target covariances. Using the Green's function description of the geomagnetic eld of equa-
tion 2.1.8, the covariance expressions can be substituted as seen in equation 2.2.15 and 2.2.16, where
the integration area factor is written x =sin ¢ 2 9 for simplicity.

X X

¥s Ns
C Bk(ri);Bk(rj) =C Gk(ri;rrOn)Br(rr(')n) ms Gk(rja n)B (I’ ) n
m=1 n=1
Xe R 0 0 0 0
= Gi(ri;rm)Gi(rjsra) m nC Bi(rpm);Be(ry)
m=1 n=1
Ks HNs
Ci;j = Gy(ri;r m)Gk(I'J, n) m nC(I’m, n (2.2.15)
m=1 n=1
0 Xs 0 0
C Bk(ri);Bi(ry) =C G(ri;rm)Br(ry) miBe(re)
m=1
Ws
= Gk(ri;r?n) mC Br(r%);Br(r?)
m=1
Ws
G= G(ri;ry) mC(rd;rd (2.2.16)
m=1

This shows that the Kriging system depend on two geometric factors, the Green's function kesgel,
subject to the integration area factor, as well as the target source covariance mat@Gge$, ;rQ) and
C(r9 ;r?. The target source covariance terms can be found from modelling of training images and will
be covered in chapter 3. The covariances take the matrix shapes given in 2.2.17.

2 2

C(rf;rd) C(rfird) ::: C(r¥;ryg C(r:r 0)
gc(rz, r9) C(rg;rg) C(rg; ; EC(rz, ro) 2.2.17)
crd;rdy cul;rd i cf;r? C(ro;r?
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WhereC(r?; rg) are the covariance between two points of a given spherical distance on the target source
surface. Given observationB,k (r), equation 2.2.15 and 2.2.16 can be written out as tkevector and
K matrix of the ordinary Kriging system in equation 2.2.10.

) 3 2 ‘0 3
C(rl, )
Gi(rqi;r9 Gi(ri:r9 s Gy(ry;
k(l. 1) 1 k(l. 2) 2 k(l. EC(Q’ 0
C: . . ) -
Gi(ri;r? Gi(ri;r? s Gl
k(l 1) 1 k(l 2) 2 k(l m) m C(rm,
2P 0 O3
2L Gk(riird) mCrdird
m= 1 Gk(rZ r ) mC(rm ’ O)
k= :
2 Gr(risry) mC(raird)
1
2 3 2 0.,0 0.,0 3
C(ri;rd)  Crgird) x C(riirR)
G(rqy;r9 G(rq: i Glrg:

c = . " Do Gl 2) ’ _ (ra _m) mé gc(rz. r)) card) ocrdir?)
Gi(ri;r9 Gi(ri; ci Gl ' ' '
Zk(' D1 Glrirg) tm) oo ey cdind) s cedird
Ge(ri;rd) 1 Gu(ra;r?) 1 i Gi(ryird) 1
Gr(ri;rd) 2 Gi(rz2;rd) 2 i Gi(rj;rd) o
Gi(riird) n Gi(ra;rg) n it G(rj;ra)
2p p 3

Gk(rlv m)Gk(rlv r?) m nc(rmv n e Gk(r11 m)Gk(rl’ n) m nC(rm’ n) 1
K=gp o P '
Gk(ri;rm)Gk(rLrn) m nC(rm1 n e Gk(rlv m)Gk(rJ' n) m nC(rmi n 1

1 D 1 0

Ensuring t,l_qe sunp_matmns given by equation 2.2.15 and 2.2.16, where in the above, the single summation

represents NS: , for brevity. From these two matrices, the Kriging weights and Lagrange multiplier
m=1

can be found by i |nver3|0n df, as given by equation 2.2.18, or by other linear system solutions.

2 3

=K %k; =8°- (2.2.18)

The Kriging mean and variance can then nally be determined from these parameters and the available
observations.

k =1 TB(r)
2 - 2 T
K =™ exp e
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2.3 Direct Sequential Simulation

For each radial eld source target location, Kriging lets us compute the best linear unbiased estimate,
however, in order to infer information about the local probability distributions beyond the mean, variance,
and Gaussian shape, direct sequential simulation is used. In addition, direct sequential simulation allow
reproduction of the prior two-point statistical information in a training image, like the covariance structure
used in Kriging.

2.3.1 Sequential simulation

Sequential simulation is an application of conditional probabilities to infer random variable estimates
based on known information, and sequentially generate posterior realizations of the Gaussian random
eld. Deutsch and Journel (1998) considers the complementary cumulative distribution function (CCDF)
of N random variablesZ;, conditioned on an arbitrary set of known variables,

ccdy (z1; i zejn) = PfZy  zi=1;:Njng (2.3.1)

N samples can be drawn from this type of CCDF hh steps, estimating the random variables while
increasing the conditioning in each step. The process is the following.

1. A value is drawn from th&; CCDF, this draw is denoted; and becomes part of the conditional
set of known variables, such that it grows ton + 1 known variables.

2. Values are drawn sequentially until all N random variables have been estimated. The conditional
set of known variables grow by one for each draw.

The process requires computation bf CCDFs taking the form of equation 2.3.2.

Pfz, zljng
PfZ, zj(n+ z3)g (2.3.2)
PfZy  znj(n+ zp+ i+ 2y 1)g

The complete sampling oN random variables constitute one realization of the Gaussian random eld.
Further realizations simply require rerunning the process. As Kriging estimates represent the mean and
variance of the local Gaussian probability density function, conditional to known variables, it is a useful
method for nding the basis of correct sequential Gaussian CCDFs. In order to apply this concept to
ordinary Kriging of the Green's function description of geomagnetic vector eld observations, such that
the correct non-Gaussian local probability density functions are used, further measures need to be used.
These measures result in direct sequential simulation with histogram reproduction.

2.3.2 Direct sequential simulation with histogram reproduction

To generate the covariance information needed for ordinary Kriging in equation 2.2.14, | explained that
training images would need to be used. The same is true for direct sequential simulation (DSSIM). A prior
two-point statistical idea of the radial eld at the target source locations are needed in order to de ne

a target histogram. In chapter 3 | outline the specics of these training images to be used. The goal
with DSSIM is to generate realizations of a non-Gaussian random eld, in which the mean of realizations
has mean and prior statistics reproduced, while honoring available observations. To achieve this, a range
of local probability density functions conditioned to the target histogram are generated. Following Oz
and Xie (2003), this is accomplished by rst normal-score transforming the target histogram as given in
equation 2.3.3.

Y = Gp*(Fn(zn)) (2.3.3)

10
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Here,yy is the normal-score transformed histogram valu€s, is a standard normal Gaussian cdH, is

the target histogram cdf, and, are the histogram values undergoing transformation. The cdf inverse is
the quantile function, given in this case Iy, 1. Knowing the normal-score transformation from equation
(2.3.3), a back-transformation to the original histogram is possible through equation 2.3.4.

Zh = Fy *(Gn(yn)) (2.3.4)

This is a tool that can be used to generate local conditional distributions by substitugipgfor non-
standard normal-score values, as given by equation 2.3.5. WHerds a matrix of the local conditional
distributions, G ,,} are quantile functions for a range of non-standard normal distributions with given
means and variances, amgdare regularly spaced values between zero and one, de ning the local conditional
distribution size/resolution.

Ze = F, Y(Gn(G oy (1)) (2.3.5)

De ned like this, these local conditional distributions will have the correct shape conditional to the target
histogram, a certain mean, ¢, and a certain variance, 2. As mentioned, performing ordinary Krig-

ing will yield an estimated Kriging mean and variance of the local Gaussian distributions, i.e. the wrong
shape. As such, nding the correct local conditional distribution amounts to nding the back-transformed
Gaussian distribution with mean and variance closest to the Kriging mean and variance.

Thus the target histogram enables the possibility of drawing samples from correctly shaped local con-
ditional distributions. However, this ensures reproduction of the histogram, as well as its mean and
variance, only if the applied local conditional distribution has mean and variance equal to the Kriging
mean and variance (Journel, 1994). This further requires that the found local conditional distributions
are scaled from near, to precisely the Kriging mean and variance. For a value sampled from one of the
local conditional distributions, this can be achieved using equation 2.3.6.

2.=(z ) —If+ K (2.3.6)

Herez; is the nal simulated valuezr is the sample from the correctly shaped conditional distribution,

g is the mean, and g is the standard deviation of that same distribution, with, and  being the
Kriging mean and variance. Adding the above methods to the usual sequential simulation, direct sequen-
tial simulation proceeds as shown below. This procedure will ensure that simulations lead to a posterior
probability density function (pdf) of the source radial eld with correct mean, variance, covariance struc-
ture, and histogram.

1. Compute a lookup-table of local conditional distributions.
2. Determine a random path through the target source locations.

3. At each location in the random path, the Kriging meany, and variance, 2, are calculated
using all available observations and previously simulated values. Only the nearest vajues
may need to be used in cases of large amounts of available variables.

4. Find the correct local conditional distribution. This corresponds to the Gaussian distribution
closest to the Kriging mean and variance pre-back-transformation.

5. A simulated value is drawn from this correctly shaped local conditional distribution.

6. The simulated value is scaled such that it originates from a correctly shaped local conditiopal
distribution, with mean and variance equal to the Kriging mean and variance.

7. The simulated value is added to the conditional data for use in the rest of the simulation.

8. 3.-7. is repeated until all target source locations have been visited.

11
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2.3.3 DSSIM of ordinary Kriging applied to the Green's function description

With the addition of accounting for previously simulated values in DSSIM, the ordinary Kriging system
must expand. The new system will include values determined at the radial eld source target locations,
and as such there is a need to include a covariance matrix between all variables at the source, as well
as cross-covariance matrices from the values at the source to the observations. In addition, | include
covariance associated with observation errorsGas. This results in the ordinary Kriging system shown

in equation 2.3.7.

2 32 3
Cobs + CE Ccr 1 ! obs

2 3
. Cobs
K =k! g C‘;rr Cs légls Z:§C52 (237)
17 1" o 1

The cross-covariances are simply a collection of the previously used observation to target source covari-
ance,Coqps , While the source to source and source to current target covariances are given directly by the
modelled training image covariance. These matrices are shown in 2.3.8.

2PN Gy(raird) mCOD iR i NS Geraird) mC(rGir2)
Cor :g mi1 Gk(r2ird) mC(roird) Pmil G(ra;rm) mC(raira)
L G(rir0) mC(rOirl) LN G(rird) mC(r%ird)  (238)
C(rl;r(l)) sl C(rl! 0)3 zc(rtol;rto)
Cs:§ : é :
C(ra;rd) C(rm, ; C(ra;r?)

The ordinary Kriging system is still solved by inversion or similar, the only di erence being, that part of
the Kriging weights are now associated with the previously simulated values as shown in 2.3.9.

2
!

=K k; = g !OZSZ (2.3.9)

Similarly, the Kriging mean and variance now depend on observations and previously simulated values, as
well as both types of target covariance. The Kriging mean and variance computation is shown in equation
2.3.10. These results are then used to sample from the correctly shaped conditional distributions.

" #r " #
K = ! obs Bk(r)
I's B\r(rtos)

(2.3.10)
" #r " #
2 _ 2 I obs Cobs
K = exp |
I's Cs

This concludes the direct sequential simulation implementation of ordinary Kriging applied to the Green's
function description of the geomagnetic vector eld. | now move on to the details of implementing the
above, while using prior information from training images. This is followed by a description of used
synthetic and Swarm satellite observations, as well as a description of the developed Python tool, in
which it is all implemented.

12



Chapter 3

Data

In order to carry out sequentially simulated ordinary Kriging as described in chapter 2, four methods have
been used to handle and set up prior data. A pre-de ned grid is necessary to work as the target source
locations, training images of the target source work as prior information, semi-variogram modelling of
the training images de ne required covariances, and correctly shaped local conditional distributions are
needed to sample the simulation values. In the following | describe the origin and method by which these
concepts have been implemented for use in spherical direct sequential simulation. In addition, a part of
this chapter is dedicated to the used synthetic and Swarm satellite observations, followed by an overview
of my spherical direct sequential simulation tool, bringing theory and data implementation together.

3.1 Approximate equal area grid

In the approximated integration of the Green's function description of the geomagnetic vector eld, a
grid of well known geometric properties is essential to properly de ne the di erentials. One such grid
can be found implemented in Matlab, and is a grid of locations covering approximate equal areas on the
sphere. The implementation is formally called the Recursive Zonal Equal Area (EQ) Sphere Partitioning
Toolbox and is based on Leopardi (2005). Figure 3.1.1 shows examples of this partitioning method. The
grid is made from a unit sphere partition into regions optimized on equal area and small diameter, with
the grid locations as the center point of these regions.

(@) (b)

Figure 3.1.1: Examples of recursive zonal equal area sphere partition{ay).shows a partitioned sphere
of 33 areas from Leopardi (2005)b) shows an Earth radius scaled grid of center points, for a partition
of 10,000 areas using the Recursive Zonal Equal Area Sphere Partitioning Toolbox.
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Properly de ning the integration di erentials can be done with the information seen on the sphere cross
section of gure 3.1.2. The gure shows how the equal area spherical partition is de ned through a
certain amount of latitudinal collars and two polar caps. The collar edges are given by the red lines and
the collar edge colatitude angles by the blue lines. The polar caps will have a single grid point and the
collars an amount depending on the size of the partition.

Figure 3.1.2: Partitioning system as shown in Leopardi (2005). A partition consists of two polar caps,

a certain amount of collars, and a certain amount of areas in each collar, each with a center location.
The red lines show the edges of the collars and the blue lines the colatitude angle to each collar edge.
my shows the amount of areas in each collar for this speci c partition.

The colatitudinal collar edge angles,, the amount of collar grid pointsmy, and the latitudinal angle
width of each collar, ,, as shown in gure 3.1.2, is available for any given partition. Through these, a
simple de nition of each grid location di erential is achieved by equation 3.1.1.

oo
|
oo

2™

(3.1.1)

1
=

|
N

Where( % 9) is a collar with associated actual grid locations?,; 9 ), depending on the number of
partitioned areas in each collar. From this, it is given that grid points of the same collar have identical
di erentials. Naturally, this is an approximation of the in nitesimal di erentials of the integration, as
such, with increasing grid size the sum of all approximated di erentials should approach the product of
the integration limits as previously described in equation 2.1.9 and repeated below. If this doesn't hold,
the used grid size may be too small.

Finally, the approximate equal area grid is not just used during simulation to properly estimate integration.
It is the surface on which the training image is generated and also how, through spherical distances from
grid location to grid location, the covariance is modelled by semi-variogram analysis.

14
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3.2 Training images

Training images encompass all prior information available for the simulation in the form of the covariance
model and local conditional distributions. The rst training image originate from core dynamo simulations
through the work of Aubert (2017) and targets the radial eld at the core mantle boundary. The model
consists of Gauss coe cients up to degree 60 and has been determined at an approximate equal area
grid with radiusr¢np, = 34800 km, using design matrices by Olsen (2018). Examples of the computed
training images can be seen in gure 3.2.1, where they have been generated on a large grid with 100,000
target locations. A version is generated simultaneously each time with the latitudinal trend / dipole
removed. This is necessary for semi-variogram modelling.

(a) Radial eld model at the core mantle boundary.

(b) Latitudinal mean removed

Figure 3.2.1: Training images for the radial eld at the core mantle boundary derived from a spherical
harmonic model up to degree 60. The model is based on core dynamo simulations by Aubert (2817).
is the full model whilgb) has the latitudinal mean removed.
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The second training image is from modelling the remanent magnetization of the oceans in combination
with a full Earth model of induced magnetization (Masterton, 2013). The model has Gauss coe cients
up to degree 256, however, only up to degree 100 has been utilized here due to computational memory
constraints. The training image is again the radial eld computed in an approximate equal area grid, but
this time with a lithospheric radius;, s = 63712 km, at Earth's surface. The training image can be seen

in gure 3.2.2, where it has been generated on a large grid wif0000 target locations. While these
examples have been generated on large grids, any desirable size and radius of grid is possible.

Figure 3.2.2: Training image for the radial eld at Earth's surface derived from a spherical harmonic
model up to degree 100. The model is based on modelling of remanent magnetization in the oceans
combined with a full Earth model of induced magnetization (Masterton, 2013)

Note that since the training images are produced from models based on spherical harmonic expansion,
they are not de ned at the poles, but the grids do include the poles. These locations will have to be
removed or estimated based on nearby points. Their exact values won't have a great impact as the
training image information is only explicitly used through modelling/analysis of the overall statistical
structure. This will be in the form of histograms for local conditional distribution generation and second
order stationary spatial variability for semi-variogram modelling, neither of which take exact position into
account.

3.3 Semi-variogram modelling of training images

In order to de ne the covariance based Kriging systems discussed in chapter 2, semi-variogram models
are used. In general, a covariance function is a traditional measure for the spatial variability of a random
variable (RV). The covariance function for a RV with realizations separated spatially and with the intrinsic
hypothesis that their expected values are constant, is given by equation 3.3.1.

C(ush)=E [(Z(u) )l[Z(u+h) ] (3.3.1)

Where Efg denotes the expected value, Z is a random variahbieis a location in spaceh is a vector
pointing to a second location, and is the mean of the random variable. In semi-variogram analysis, the
covariance of data to be analysed is assumed to only depend on separation distance. In other words, it
is second order stationary such th&t(u;h) = C(h).
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Applying this principle to a location with itself( = 0), it follows that under these conditions the random
variable has the same variance everywhere in considered space.

C(u;0)= C(0)= E (Z(0) )zZ(©) ) =E (Z(©) )? =Varfzg (3.3.2)

Assuming validity in the intrinsic hypothesis of constant exptected value (mean) and second order station-
arity, a semi-variogram is then de ned through the two simple relations given in equation 3.3.3, following
Deutsch and Journel (1998). The rst relation connects covariance to semi-variograms as needed in
Kriging.

C@0) C(h); 8u

B Z) Z@u+hP

(3.3.3)

Where is a semi-variogram value for a location in the grid, with respect to some other location at

u + h. In implementation, semi-variogram values are calculated by ordering the squared location-pair
di erence values[Z(u) Z(u + h)]?, for all grid locations in accordance to distance from each other.
These distances are denoted the ldg, Once the values are ordered according to lag, the mean is taken
over equal ranges of lags followed with division by two.

The semi-variogram of the full core mantle boundary and lithosphere training images can be seen in gure
3.3.1. Note the upward trend of the CMB and how very few values are available at small lags for the
lithosphere. For the CMB the trend indicates a non-constant mean in the training image, and for the
lithosphere a larger grid may be needed to properly resolve the semi-variogram.

(a) CMB (b) Lithosphere

Figure 3.3.1: Semi-variograms of the core mantle boundary and lithosphere training images for a source
grid of 10,000 locations.

There are many possible models that can be applied to characterize these semi-variograms. In this case
an exponential, double spherical, or nested exponential and Gaussian model has primarily been used here.
The nested model is seen in equation 3.3.4, wh@ges called the nugget e ect (not to be confused with

C(0) = Varfzg), Cy + C, + C; the sill, anda the range of the model.

2
(h)=C0+C1 1 exp % +C2 1 exp (Sahz)

(3.3.4)
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The nugget is a discontinuity ah = 0 due to uncertainty or small scale variability, the sill is the training
image variance, and the range is the point of no correlation between the source locations. In gure 3.3.2
models have been t to the training image semi-variograms. A nested exponential and Gaussian, as well
as a double spherical model for the core mantle boundary, and an exponential model for the lithosphere.
The nugget has been set to zero, the sill is the semi-variance value at the leveled out part of the model,
and the range is the lag at which the model levels out. The lag is set to zero as analysis excluding
longer scale variability show the true nugget to be close to zero in both cases. It is di cult to capture
the structure of both in a single model t, as the number of lags required to see small scale variability
quickly overwhelms the long scale variability. As seen, a model has also been generated from the CMB
training image with latitudinal mean removed. This is to get around the intrinsic hypothesis not being
valid, while not leaving out modelling data. Note that not all data is used in modelling the dipole CMB
semi-variogram. Including more data will disturb the small scale t for this particular model. In addition,
the double spherical model has been determined from visual inspection.

(@) CMB w/ dipole (b) CMB w/o dipole

(c) CMB double spherical (d) Lithosphere

Figure 3.3.2: (a) and(b) Nested exponential and Gaussian semi-variogram models of the core mantle
boundary training image(c) Double spherical semi-variogram model of the core mantle boundary training
image. (d) Exponential semi-variogram model of the lithosphere training image. All models have been
generated from a source grid of 10,000 locations.
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3.4 Local conditional distributions

In sequential simulation, conditional probabilities are used to infer values of a random variable on a spatial
grid, based on available observations and previously determined values of the random variable. Kriging
is a method of determining these conditional probabilities based on available values and a covariance
function linking them. What Kriging speci cally yields, is the mean and variance of the local normal
probability density function, conditional to known variables. However, in direct sequential simulation the
local probability density functions are not normal distributions, but depends on the available data, also
called the target histogram. Luckily, it is possible to generate the proper local probability densities prior to
running direct sequential simulation. These local probability densities are the contents of the conditional
distribution table. The local probability densities can take any appropriate shape as long as values can be
drawn from them such that increasing draws move toward the shape of the local probability distribution.
Here they are quantile functions (QFs), also called inverse cumulative distribution functions.

In the following | describe my current process of generating a conditional distribution table for spherical
direct sequential simulation. In brief, the target histogram is rst normal score transformed and then used
as input for back-transformation of a range of normal quantile functions, varying in mean and variance.
This is accomplished either by loading Fortran scripts from GSLIB (Deutsch and Journel, 1998) as used in
VISIM (Hansen and Mosegaard, 2008) and SIPPI (Hansen and Mosegaard, 2013a), or directly in Python
using the functionQuantileTransformerfrom the scikit-learn API by Buitinck et al. (2013). This brief
explanation is outlined in gure 3.4.1.

Start generating conditional quantile function table
input: data, quantile function size (N)

A 4

{Linearly spaced array: 0:0< to < 1.0, size N}

‘ Normal space }474{ Data space }
‘ Normal transformed dat%—{Normal score transform of dat}a

Linearly spaced arrays:
3:5to 3:5, size M, and0:0 < to 1:0, size V| Conditional transformed quantile functio?s

For each pair in the arrays, (CQFs)
compute normal quantile function

Generate conditional CQF tables
CQF means: M-by-V
CQF variances: M-by-V
CQFs: M-by-V-by-N

Figure 3.4.1: Flowchart showing the process of generating correctly shaped local conditional distributions
with data in the form of training images.

The algorithm is activated with the data (training image histogram) and desired size, N, of the QFs as
input. Then a linearly spaced array of size N, ranging from near zero to near one is generated. Excluding
zero and one, as the QFs become in nite here. Moving on in the algorithm, the computations are split into
two spaces, normal and data. From data space, the target histogram is normal score transformed such
that its values resemble the standard normal distribution (mean zero, variance one). In normal space, two

19



CHAPTER 3. DATA

linearly spaced arrays are generated. One ranging across the likely values of the standard normal random
variable (about 3:5to 3:5) and the other from near zero variance to the standard normal variance of
one. Each pair in these two arrays are now used to compute a normal QF, with mean and variance
given by the pairs. This is why the variance can't be zero, as it is used in division to scale the standard
normal QF to a normal QF close to the desired mean and variance. These generated normal QFs are now
transformed into data space using the parameters from the normal score transform of the data. After
transformation, the conditional QFs (CQFs) represent the local probability density functions desired for
direct sequential simulation. In addition to the CQFs, their mean and variances are saved in tables such
that the correct function can be found given Kriging mean and variances. It is important to note that the
found mean and variance of the CQFs are only approximately equal to the Kriging mean and variances,
however, scaling according to Oz and Xie (2003) can be used to correct this as explained in chapter 2. In
the following sections | further explain the concepts of normal score transformation, quantile functions,
and conditional transformation (back-transformation from normal space to data space).

3.4.1 Normal score transformation

Normal score transformation can be applied to any histogram. The result is scaling and spreading of the
histogram values such that they follow a standard normal distribution. In gure 3.4.2, the histogram of
the lithospheric and core mantle boundary training images have been normal score transformed through
the available methods (Fortran and Python based). The specics of the Fortran method are described
in appendix C. Note how the histogram values are successfully scaled down to the standard normal
distribution value range (about 3:5 to 3:5).

Figure 3.4.2: Target histogram for lithospheric training image with its normal score transformations
using Fortran and Python methods.
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3.4.2 Quantile functions and conditional transformation

The quantile function, or inverse cumulative distribution, is associated with a probability distribution of
a random variable. Speci cally, it is a function of the probability that the random variable is less than or
equal to its function value.

F(P(Z F)=2Zf for 0 P(Z F) 1 (3.4.1)

Here F is the quantile function,Z is the random variableZr is a value of the random variable, and
P(Z F) is the probability that the random variable is less than or equal to the function value. Figure
3.4.3 shows the lithosphere and core training image quantile functions in relation to normal quantile
functions using the same mean and variance.

Figure 3.4.3: Quantile function comparisons between lithosphere (left) and core (right) model with a
normal distribution of the same mean and variance as the respective models.

These di erences are what makes the direct sequential simulation method necessary, due to Kriging only
estimating the mean and variance of the loaadrmal pdf. The method is based on the transformation

of the data QF into the normal QF described in section 3.4.1 (with the additional scaling down to the
standard normal QF). This is a reversible transformation that can be used to transform local normal
distributions into local conditional distributions. As previously described | use quantile functions to
represent the distributions, as such, to end up with a table of conditional QFs, rst a table of normal
QFs are generated. The normal QFs are generated from ranges of mean and variance such that they
cover most of the standard normal distribution (about mean:3:5 to 3.5, and var: 0:0 to 1:0). These
ranges are shown in equations 3.4.2 and 3.4.3. Note @@ in the mean range, | have found it very
important to include this midpoint. From these ranges, normal quantile functions are computed for the
MV pairs, this is illustrated in equation 3.4.4. The form of these normal quantile functions are shown
in gure 3.4.4a, for the full mean range with constant variance @b.

h i
my = 35 ::: 00 ::: 35 (3.4.2)
h i
w= 00 ::: 10 (3.4.3)
2 3
QF (mg;vo) QF(mo;v1) i QF(mo;vy)
g QF(mLVo) QF(mlivl) i QF(my;wy)
QF (m;v) = _ _ (3.4.4)
QF (mM ' Vo) QF(mM Vi) i QF(myswy)
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(&) Normal QFs.

(b) Lithosphere, Fortran. (c) Core, Fortran.

(d) Lithosphere, Python. (e) Core, Python.

Figure 3.4.4: The range of normal quantile functions for conditional transformation are shown in 3.4.4a
for the full mean range 3:5 to 3:5 with constant variance at0:5. The back-transformed quantile
functions follow in gure 3.4.4b to 3.4.4e (with model type and method used for computation shown).

In gure 3.4.4b to 3.4.4e the normal quantile functions have been back-transformed using the normal
data transformation of the lithosphere and core training image respectively.

These conditionally transformed quantile functions are the nal contents of the conditional distribution
table. The table is illustrated in equation 3.4.5 where the conditional quantile functions are denoted
CQF. Note that their position in the table still depend on the de ned normal mean and variance ranges.
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2 3
CQF(mg;vo) CQF(mg;vy) i CQF(mo;w)
CQF(m;v) = CQF(Tnl;VO) CQF(Tnl;Vl) CQF(r_nl;VV) (3.4.5)
CQF(my ;vo) CQF(mpy;vy) i@ CQF(my;w)

In addition to the transformed quantile functions themselves, tables of the expected value (mean) and

variance are saved as well. These are illustrated in equations 3.4.6 and 3.4.7, with shohand V ar
for brevity.

2 3
E(mg;vg) E(mo;vi) i1 E(mg;w)
E E(mi;vo)  E(mgvy) ir E(mgwy)
E CQF(m;v) = E(m;v) = ] ] _ ] (3.4.6)
E(mm;Vo) E(Mmm;vi) it E(mu;w)
2 3
Var(mg;Vvo) Var(mg;vi) ::: Var(mo;v)
Var(my;vp) Var(mg;vy) i Var(mg;vy)
Var CQF(m;v) = Var(m;v) = ) ) _ ) (3.4.7)
Var(my;vo) Var(my;vi) ::: Var(my;w)

The length of theCQFs depend on the normal quantile functions generated. Given a QF lengtN of
the conditional distribution table has sizZd MV, with the mean and variance tables having size
M V. The resulting mean and variances of ti@&QF s are illustrated in gure 3.4.5 for each training

image, such that each point represents a conditional transformed quantile function of the shown mean
and variance.

Figure 3.4.5: Spread of the mean and variance for the conditional distributions. The lithosphere is

shown to the left and the core to the right. Each point represents a conditional transformed quantile
function.
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3.5 Synthetic satellite observations

The last piece needed before simulations can be run, is having useful observations to base the simulations
on. | perform extensive preliminary testing with a set of synthetic observations of the same origin as the
core mantle boundary training images. That is, they are based on core dynamo simulation by Aubert
(2017). The target location in this case is satellite altitude @800 kmabove Earth's surface. This puts

the synthetic observations at an optimistic low altitude, which normally occur late in a satellites active
life, but yield the best measurements.

Figure 3.5.1 show synthetic observations for the radial component of the geomagnetic vector eld at
satellite altitude. The Green's function description encompass all three components, latitudinal, longitu-
dinal, and radial, however only the radial component has been considered in this project. While setting up
the Kriging system1 nT? of observation covariance noise is added as described in chapter 2. In addition,
the pole locations not de ned by the spherical harmonic model has been removed from the synthetic
observation sets.

(a) 100,000 synthetic radial eld observations

(b) 3,000 synthetic radial eld observations

Figure 3.5.1: Synthetic observations for the radial eld at the satellite altitude derived from a spherical
harmonic model up to degree 60. The model is based on core dynamo simulations by Aubert (2017). (a)
is synthetic observations generated on a grid of 99,998 locations (b) is a grid of only 2,998 locations.
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3.6 Satellite observations from Swarm

The nal results are based on radial eld observations from the Swarm satellites over a three month
period from April-June 2018. Swarm is a constellation of three satellites (alpha, beta, charlie) in polar
orbits, grouped as shown on the illustration in gure 3.6.1. The observations have been selected following
the criteria used for the CHAOS-6 geomagnetic eld model (Finlay et al., 2016). These criteria follow
selection only during dark, i.e. as the Sun is 10 degrees below the horizon, as well as geomagnetically
quiet conditions. Speci cally, vector eld data is only selected when the eld strength due to magneto-
spheric ring currents changes with less thanT=h and when the geomagnetic activity index is below the
threshold,K,  2° for latitudes of 55° in Quasi-Dipole (QD) coordinates (coordinate system de ned
from magnetic eld lines, see Richmond, 1995).

The datum rate of selection was every 5 minutes from ESA's L1b Swairdr data les, with vector
alignment of Swarm vector magnetometer and star camera provided by CHAOS-6. The available ob-
servation amount is 2,773, 2,509, and 2,696 radial eld observations respectively for alpha, beta, and
charlie, leading to a total of 7,978 observations. The used radial eld satellite observations selected from
Swarm alpha can be seen on gure 3.6.2.

Figure 3.6.1: The Swarm satellite constellation. From: esa.int/spaceinimages

Figure 3.6.2: 2,773 radial eld observations from Swarm alpha.
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3.7 Geostatistical tool: SDSSIM

Grid Training images
Approximate equal area at source target Core mantle boundary or Lithosphere eld

Semi-variogram model
exponential + Gaussian, exponential, or double spherical

Local conditional distribution LUT
Generated from:
CMB training image with or without dipol
Lithosphere training image

Observations
Synthetic or Swarm

A 4

Green's function kernels}

!

Spherical direct sequential simulation

Observation and simulation neighborhoo
or

All observations and simulation neighborhopd

[Random path through source target }

A4

[Ordinary Kriging on neighborhoods

{Add estimate to simulation data } {conditional distribution look-up }

Scale conditional sample }

Figure 3.7.1: Flowchart showing the developed spherical direct sequential simulation algorithm structure.

The theory in chapter 2 and the data structures described in this chapter are implemented in a Python
tool of my own development. It is inspired by the Matlab toolbox SIPPI (Hansen and Mosegaard, 2013a),
which includes VISIM (Hansen and Mosegaard, 2008), and underlying GSLIB structures (Deutsch and
Journel, 1998). | currently refer to this tool as SDSSIM, for spherical direct sequential simulation, and it
is planned to be made publicly available shortly after the conclusion of the defense of this thesis.

The interaction of structures leading into SDSSIM and the base SDSSIM algorithm is seen in gure 3.7.1.
Arrows indicate where each data structure is used. The algorithm follows the process of direct sequential
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simulation with histogram reproduction as described with greater detail in section 2.3.2, and does so by
implementation of Green's function kernels in an ordinary Kriging system as described in sections 2.2.2
and 2.3.3. Altering the SDSSIM algorithm allow for investigations into certain aspects of direct sequential

simulation. Two alternate systems have been used in testing during next chapter, | describe these below.

3.7.1 Algorithm for stochastic realizations of the prior

Stochastic realizations of the prior can be generated by only considering the simulation neighborhood.
Through this method, it is possible to determine whether the prior conditioning is working as intended,
as random realizations should be generated whose mean is centered on the target semi-variogram and
histogram.

The used ordinary Kriging system setup changes such that there is no reliance on Green's functions,
only the semi-variogram model. The ordinary Kriging system for this case, as well as Kriging mean and
variance, is shown in equation 3.7.1.

" #' # " #
K =kI Cs 1 1s _ ©Cs
1T 0 1
. o (3.7.1)
K =1 sé\r(rts)
I% = ezzxp ! ng

Figure 3.7.2 shows the algorithm, which is identical to the general system, except for the only neighbor-
hood under consideration being previously simulated values (the source neighborhood).

Spherical direct sequential simulation
Simulation neighborhood only

[Random path through source target }

v
[Ordinary Kriging on neighborhood j\

EAdd estimate to simulation data } condltlonal distribution look-up }

Scale conditional sample /

Figure 3.7.2: Flowchart showing the algorithm when generating stochastic realizations with SDSSIM.
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3.7.2 Algorithm for sequential least squares estimation

A least squares estimate of available observations is also possible through direct sequential simulation. In
this case, only observations are considered. This leads to the ordinary Kriging system shown in equation
3.7.2, where the Kriging mean and variance is also given.

" #" # " #
K =Kk Cobs + CE 1 ! obs — Cobs
17 0 1
: (3.7.2)
kK = ! obsBk(r)
ﬁ = gxp ! (-)rbs Cobs

Figure 3.7.2 shows the algorithm, which removes the conditional look-up and scaling of the general sys-
tem. Note that the path in this case doesn't need to be random, as each estimate will always be based
on the same observation neighborhood (if not all the observations).

Spherical direct sequential simulation
Observation neighborhood or all observatians

[Path through source target }

A4

Ordinary Kriging on neighborhoods

Add estimate to simulation data J

Figure 3.7.3: Flowchart showing the algorithm when generating sequential least squares estimations
with SDSSIM.

3.7.3 Solving the ordinary Kriging system in Python

A large part of the algorithm is solving the ordinary Kriging system well and e ciently. The possi-
bilities available in Python that are also applicable to the implemented system is direct inversion, LU-
decomposition, or least squares through singular-value decomposition (SVD). The ill-conditioned nature
of the ordinary Kriging system has led to the use of least squares through singular-value decomposition.
This is a slower approach than LU-decomposition, but less prone to accumulating errors. In solving the
ordinary Kriging system, the system is found to have full column rank in all tested cases, indicating an
exact solution to the linear system.

In Python it is possible to use accelerated libraries designed for Nvidia type graphics processing units
(GPUs). This is currently only available for the LU-decomposition system solver, but is expected to be
released for least squares SVD. This may be a way to generate faster realizations in the future.
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Tests and Results

| now present the results of implementing the data described in chapter 3 with the theory described
in chapter 2. This is an attempt to give a probabilistic description of the geomagnetic vector eld, as
observed by satellites, at source target locations. The two source target locations under consideration are
the core mantle boundary and the lithosphere at Earth's surface. Due to time limitations the lithospheric
eld is only considered for stochastic realizations of the prior pdf, while the core mantle boundary eld

is implemented in full such that posterior realizations using synthetic and real satellite observations are
generated. In all cases, the values used to set up the Kriging system are part of the available observations
and previously simulated values. | denote the amount of values used, as the observation and source
neighborhood respectively. The use of these neighborhoods is due to computational/time constraints
in solving large systems of linear equations. Formally, all observations and previously simulated values
should be used, but neighborhoods of correct shape and size may still yield good approximations as shown
by Hansen and Mosegaard (2008). The neighborhoods are chosen by ordering of the values with respect
to the covariance model and Green's function for the source and observations respectively. The size of
the source target grid and observation grids will be investigated in the tests described below. Extensive
testing of the implementation with available computer resources, has shown that a source grid of 5,000
and observation grid of 2,998 (no poles) locations, are reasonable with respect to computation time when
larger numbers of realizations are required.

The chapter starts with two preliminary sections, the rst testing the stochastic nature of sampling the
prior pdf described by the training images, and the second testing reproduction of synthetic observations
unconditional to previously simulated values. Once these capabilities are demonstrated, the rest of the
chapter focus on the possibilities of generating posterior realizations reproducing the prior training image
statistics given the observational data. In the following, note that | often refer to the core mantle bound-
ary eld training image and it's histogram as either including or excluding the dipole. This is not strictly

a correct description. The training image in the excluding case has had the latitudinal mean removed,
which corresponds to more than just removing the dipole, but | still refer to it as such for simplicity, and
use the terms interchangeably. In table 4.0.1, | give an overview of the parameters that have been tested
in each section dealing with synthetic observations (or none) of this chapter.

Test simulations overview

prior observations prior + observations
CMB CMB CMB
Source neighborhood Observation neighborhood Neighborhoods
Smooth LSQ Grid size
Lithosphere

Source neighborhood

Table 4.0.1: Parameters tested in this chapter.
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4.1 Diagnostics description

Before showing results | here give a general overview of the test diagnostics used throughout this chapter,
to ensure clarity. Figure 4.1.1 is a typical plot of relevant information in regards to the success of direct
sequential simulation.

The upper left plot is an observation reproduction histogram. This is a histogram of the target, pre-
dictions, and the mean of the predictions. The target (black line) is the histogram of synthetic or
real observations at satellite altitude, depending on which is used. The predictions (grey lines) are his-
tograms of each posterior realization at satellite altitude, as computed by the forward problem described
in equation 2.1.8. Finally, the mean (red dotted line) is the mean of the predictions computed for each
observation location. E.g. for 100 realizations there will be, at any given observation location, an asso-
ciated observation value and 100 predicted values. The mean is the mean of these 100 values at each
observation location, plotted as a histogram. In addition, statistics parameters are shown for the target
(observations) and the mean (prediction mean). This plot is expected to show the posterior realizations
as a spread around the target, with the mean approaching a t of the target. For in nite realizations this
should be re ected by identical values in the statistics overview of observations and prediction mean.

Figure 4.1.1: Diagnostics example of direct sequential simulation result. Depicted are an observation
reproduction histogram (upper left), a CMB estimation histogram (upper right), root-mean-square mis ts
to the observations (middle left), the semi-variogram t (middle right), observation reproduction residuals
(lower left), and the CMB estimation residuals (lower right).
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The upper right plot is a similar histogram plot, but for the source target, i.e. the CMB or lithosphere
eld, using the training image histograms. In this case the shown plot is for the CMB and includes
both the histogram for the training image with and without dipole. This plot has the same expectation,
the realizations should be a spread around the target, with the target depending on used prior and test
type. In general, when realizations are conditional to observations, this data will condition toward the
prior with dipole, as the dipole is part of the observation values. However, the target histogram used
to generate the local conditional distributions, will be conditioned toward by the previously simulated
values. For unconditional realizations, the target is always the histogram used in generating the local
conditional distributions. The middle left plot is a histogram of observation prediction root-mean-square
mist. The RMS value is computed for each collection of realization values (amohgt, ) at each
observation location. This is an estimate of overall spread for each mean prediction value. Lower values
indicate sharper posterior probability density function.

The middle right plot show various relevant semi-variograms depending on the semi-variogram model
used. Similarly to the other plots, the posterior realization semi-variograms are shown in grey with
their mean value in black. In addition to this, the semi-variogram model used for the simulation is
shown in orange, along with the data upon which it is based in blue. Finally, in the case shown here,
the target semi-variogram is known from the training image and is shown in green. This is the semi-
variogram which the posterior realizations are expected to reproduce from conditioning to the synthetic
observations. Knowing this allow tests to be carried out giving an indication of how small an observation
neighborhood is possible, without losing reproduction of large scale variability structure. This is crucial
before using real observations, as no true semi-variogram is known at the source target in that case,
and small neighborhoods are desired in order to carry out many realizations. In addition, note the small
scale t to the model semi-variogram. This t is of interest as it shows impact of the prior knowledge,
which should be conditioning the posterior realization to follow the model semi-variogram as far as the
observations allow it. In this synthetic case, it is a very close t since the observations and prior have the
same origin. The nal two plots at the bottom left and right are both histograms of residuals. The left
histogram is the residuals of prediction values at satellite altitude, with respect to the used observations.
The right histogram is the residuals of estimated values at the source target, with respect to the prior
training image reference. Again the mean is computed for each collection of predictions/estimates, at
the respective observation and source target location. Thean realization statisticshow the statistics

of the residuals as one big cluster, with tieean statisticsbeing for the mean residual alone (black line).
The intention for the observation prediction residual plot is to give a closer look at the mean t to the
target, as this is harder to see from simulation to simulation in the eld prediction histogram alone. In
contrast, the prior residuals should indicate a general t to the prior without getting too close, as this
would indicate over-conditioning to the training image.

Figure 4.1.2 show the two semi-variogram models used to compute observation conditional results. One
is modelled from the CMB without dipole and the other with the dipole. While both are technically
stationary covariance functions through equation 3.3.3, the double spherical model has range beyond the
longest distance between two locations on the CMB grid, i.e. stationarity is never reached.

(@) SV for CMB wi/o dipole (b) SV for CMB w/ dipole

Figure 4.1.2
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4.2 Sampling the prior

In order to ensure correct implementation of direct sequential simulation, unconditional realizations of
the prior training image should produce stochastic realizations reproducing the target statistics (Journel,
1994). In the following, | test this capability for a 5,000 location source gfits = 5000, while varying

the source neighborhood sizbl,s, . Ideally, realizations should be generated until the mean converges
to the target, and longer stochastic realizations not shown here con rm that the mean converges in the
current implementation. However, these tests express the stochastic results for simulation sizes equivalent
to the full simulations to be run, which due to time constraints are 100 realizations.

For the core mantle boundary eld, the e ect of training image choice with or without dipole in generating
the local conditional distributions have been investigated. The di erences in the histograms obtained
with and without the dipole are shown on gure 4.2.1. Stochastic realizations using the prior histogram
without the dipole is included in this section, with the other case available in appendix D.1.1. Table
4.2.1 gives an overview of the testing parameters. Note that the source neighborhoods are de ned as a
fraction of the total grid. Given the use of an approximate equal area grid, this is a rough measure of
the source neighborhood area, which becomes more accurate towards the end of a simulation as more
simulated values are available.

Figure 4.2.1: Histogram of the CMB eld prior training image with and without the dipole removed

Test overview for sampling the prior

Source target: Core mantle boundary eld Source target: Lithospheric eld
Source neighborhood Source neighborhood
CMB grid size Ns = 5000 Lithosphere grid size  Ng = 5000
Nnsy Nnsy
A Ns=1000 Bj Ns=1000
Az Ns=500 B, Ns=500
Az Ns=100 Bs Ns=100
Ay Ns=50 B4 Ns=50
Semi-variogram type exp + Gau Semi-variogram type exp
Realizations 100 Realizations 100

Table 4.2.1: Parameters used and under consideration for direct sequential simulation of priors.
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4.2.1 CMB eld with dipole removed

Four stochastic simulations are run with increasing neighborhood size, for a core mantle boundary training
image with the dipole removed. Figure 4.2.2 and the table below it show the statistics for each simulation,
and gure 4.2.3 shows samples of the realizations. The realizations show a very uniform t to the semi-
variogram model for varying neighborhood sizes. In addition, the histogram t clearly realized the target
w/o dipole as expected, although with some outliers of smaller peaks across the tests. The mean t looks
to be distributed around zero with values up t03000 nT, and the standard deviation t is improving

from the smallest neighborhood to the three larger, with no conclusive improvement between those. The
large mean t distribution is an indication of more realizations being required to run a full simulation. The
sample realizations appear stochastic across tests and resemble the structure of the prior. As expected,
computation time increases with a larger neighborhood size.

Figure 4.2.2: Stochastic simulation realizations and their statistics reproduction of the dipole removed
CMB training image. Source grid size iés = 5000 and each simulation consists of 100 realizations.
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