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Abstract. We present CHAOS-4, a new version in the CHAOS model series, which
aims to describe the Earth’s magnetic field with high spatial resolution (terms up to
spherical degree n = 85 for the crustal field, and up to n = 16 for the time-varying
core field are robustly determined).

More than 11 years of data from the satellite Ørsted, CHAMP and SAC-C satel-
lites, augmented with ground observatory monthly mean values have been used
for this model. Maximum spherical harmonic degree of the static (crustal) field is
n = 100. The core field time changes are expressed by spherical harmonic expansion
coefficients up to n = 20, described by order 6 splines (with 6-month knot spacing)
spanning the time interval 1997.0 to 2012.5. The third time derivative of the squared
magnetic field intensity is regularized at the core-mantle boundary. No spatial regu-
larization is applied for the core field, but the high-degree crustal field is regularized
for n > 85.

The final CHAOS-4 model is derived by merging two sub-models: its low-degree
part has been derived using similar model parametrization and data sets as used for
previous CHAOS models (but of course including newer satellite observations), while
its high-degree crustal field part is solely determined from low-altitude CHAMP
satellite observations after 2009. The god agreement with the MF7 model for de-
grees up to degree n = 80 confirms that crustal field structures down to a horizontal
wavelength of 500 km are currently robustly determined.

1. Introduction

More than 10 years of continuous magnetic field measure-
ments obtained by the Ørsted and CHAMP satellites enable
outstanding opportunities to investigate the Earth’s mag-
netic field, both regarding rapid changes of the core field
(secular variation) and the determination of the magnetic
field due to lithospheric magnetization.

Of special interest for deriving the small-scale structure
of the lithospheric field are the measurements obtained dur-
ing the last months of the CHAMP satellite mission, when
satellite altitude was below 300 km.

In the present paper we describe CHAOS-4, a model of
the geomagnetic field obtained from CHAMP data obtained
between the launch of the satellite in July 2000 until its at-
mospheric re-entry in September 2010. In addition, we also
use Ørsted and SAC-C satellite measurements and ground
observatory data for this model.

The benefit of low-altitude CHAMP observations for de-
termining the lithospheric field is obvious from Figure 1
which shows the spatial powerspectrum of the geomagnetic
field at various altitudes. The black curve is the spectrum at
Earth’s surface (according to the CHAOS-4 model presented
in this article), while the colored curves present spectra at
various altitudes of the CHAMP satellite (blue curves) and
of the Ørsted satellite (red curve).
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Let us assume that measuring conditions (which includes
instrument errors, external field disturbances, and spatio-
temporal sampling) are such that magnetic field structures
of squared amplitudes larger than 0.1 nT2 can be resolved.
Under this assumption only features up to spherical har-
monic degree n = 20 can be determined from data obtained
by a satellite (like Ørsted) at an altitude of 750 km. In con-
trast, data from CHAMP at the beginning of the mission,
when altitude was about 450 km altitude, would allow for
a determination of the the lithospheric field up to n = 40.
Data taken at 300 km altitude (which was CHAMP mean
altitude at the beginning of 2010) would allow for determin-
ing models up to n = 60. Finally, taking advantage of the
very-low altitude data of the last weeks of CHAMP mission
lifetime, as done in this paper, would allow the lithospheric
field to be resolved up to n = 80. Note that the threshold
value of 0.1 nT2 that we have chosen here is for illustration
purposes only; we do not claim that this is the actual limit
of the satellite observations.

As described in the review article by Thébault et al.
[2010], two complementary philosophies are in use for deriv-
ing spherical harmonic models of the Earth’s crustal field: In
the sequential approach, a-priori models of all known mag-
netic field contributions but the crustal field are subtracted
from the data, followed by a careful data selection and ap-
plying empirical corrections. The different versions in the
MF model series of Stefan Maus and co-workers are exam-
ples of models derived using this approach. They are derived
from CHAMP observations which have been along-track fil-
tered after removal of a-priori models of the core field and of
the ocean tidal magnetic signal. MF6, the most recent pub-
lished model version [Maus et al., 2008], also includes line
leveling between adjacent satellite tracks, which minimizes
the variance between close encounters. This model formally
describes the crustal field up to spherical harmonic degree
n = 120 (corresponding to 333 km horizontal wavelength),
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Figure 1. Spatial power spectrum of the geomagnetic field at Earth’s surface (black curve) and at var-
ious altitudes of CHAMP (blue). Also shown is the spectrum at a mean altitude of the Ørsted satellite
of 750 km (red).

but coefficients above n > 80 are damped (regularized) and
thus probably not robustly resolved. A new (unpublished)
version, MF7 [Maus, 2010], describes the field formally up
to n = 133.

Contrary to this serial approach, the comprehensive ap-
proach aims at solving simultaneously for all major inter-
nal and external field contributions. Examples of mod-
els derived using this approach are the CM models [e.g.,
Sabaka et al., 2004], and, using more recent satellite data,
the GRIMM models [Lesur et al., 2008; Lesur et al.,
2010], the BGS models [Thomson and Lesur , 2007; Thom-
son et al., 2010], and the CHAOS models [Olsen et al.,
2006, 2009, 2010].

Until recently, the altitude of the CHAMP satellite was
not sufficiently low to determine small-scale structures of
the crustal field without along-track filtering of the data (to
remove unmodeled external field contributions), and hence
only terms up to spherical harmonic degree n = 50 or so
could be determined robustly using the comprehensive ap-
proach. Inclusion of the most recent low-altitude CHAMP
data, as done here, allows us to determine the crustal field
up to spherical harmonic degree n = 90 or so.

The CHAOS-4 field model presented here is the most
recent version in the CHAOS model series. Previous ver-
sions are CHAOS [Olsen et al., 2006], xCHAOS [Olsen and
Mandea, 2008], CHAOS-2 [Olsen et al., 2009] and CHAOS-
3 [Olsen et al., 2010]. For the previous model versions we
have concentrated on an optimal description of the core field
and its temporal resolution; the static (crustal) field was
only modeled up to relatively low spherical harmonic de-
grees (n = 60 at most). For CHAOS-4 we extend the spher-
ical harmonic degrees and solve for the crustal field up to
n = 100.

CHAOS-4 is derived by merging two models, which both
are determined using the comprehensive approach but from
different data sets (and using different model parameteriza-
tion): spherical harmonic coefficients of the CHAOS-4 model
up to degree n = 24 (which includes the time-changes of the
core field) are taken from model version CHAOS-4l, while
coefficients describing the crustal field for n = 25− 100 are
taken from model version CHAOS-4h. The former is de-
rived in the tradition of the other versions of the CHAOS
series by using data from all three satellites Ørsted, CHAMP
and SAC-C together with observatory monthly mean values,
while CHAOS-4h is derived solely from the most recent low
altitude CHAMP satellite data.

2. Data and model parameterization

We use Ørsted scalar data between March 1999 and July
2010, and vector data between March 1999 and December
2004; CHAMP scalar data between August 2000 and Au-
gust 2010, and vector data between January 2001 and Au-
gust 2010; and SAC-C scalar data between January 2001
and December 2004. Similar data selection criteria to those
chosen for determining the previous versions in the CHAOS
model series have been used; the main modification con-
cerns the inclusion of pre-midnight CHAMP data (for previ-
ous CHAOS versions we only used post-midnight non-polar
CHAMP data to avoid contamination of the crustal field
determination by plasma irregularities. However, they are
almost absent during the solar minimum conditions of the
recent years, allowing us to include also pre-midnight data).

In particular: 1) we use only data from dark regions (sun
10◦ below horizon) and for which the Dst-index measuring
the strength of the magnetospheric ring-current does not
change by more than 2 nT/hr; 2) at non-polar latitudes
(equatorward of ±60◦ dipole latitude) we require for the
geomagnetic activity index Kp ≤ 2o, while for regions pole-
ward of 60◦ dipole latitude the merging electric field at the
magnetopause has to be less than 0.8 mV/m; 2) vector data
are taken for dipole latitudes equatorward of ±60o, while
data are used for regions poleward of±60◦ or if attitude data
were not available; 3) non-polar CHAMP data are only used
for periods when the electron density is Ne < 10−5 cm−3,
to minimize the influence of plasma bubbles [Stolle et al.,
2006]. This condition is fulfilled for almost all times during
the recent solar minimum years 2006 to 2010.

Data weights proportional to sin θ (where θ is geographic
co-latitude) are applied to simulate an equal-area distribu-
tion. Anisotropic errors due to attitude uncertainty [Holme
and Bloxham, 1996; Holme, 2000] are considered for all
Ørsted vector data and for CHAMP vector data when atti-
tude data from only one star imager are available.

To extend the model back in time beyond February 1999
we supplement the satellite data with annual differences of
revised observatory monthly means of the North, East and
Vertical downward components (X,Y, Z) for the time inter-
val 1997.0 - 2009.5. these data are the same as those used
for CHAOS-3; see Olsen et al. [2010] for details.

As described above, the very recent low-altitude CHAMP
observations are crucial for a robust determination of small-
scale crustal field structures. But how has CHAMP altitude
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Figure 2. Left: F10.7 solar flux (red) and CHAMP mean altitude (blue) in dependence on time. Right:
CHAMP mean altitude (blue) and mean daily altitude decay (green) since 2009.

evolved with time? The left part of Figure 2 shows in blue
the mean altitude of CHAMP (with respect to a mean Earth
radius of a = 6371.2 km), together with the temporal evo-
lution of the F10.7 solar flux (red curve). Various altitude
maneuvers are the reason for the sudden increase of altitude
of the satellite. Note how the increased solar activity at the
end of 2001 leads to a faster altitude decay, due to increased
air density and thereby increased air-drag.

The altitude of the satellite was about 350 km during the
solar minimum years 2007 to 2009, and reached 300 km at
the beginning of 2010. Satellite altitude for the last two
years of mission lifetime is shown in the right part of Fig-
ure 2, together with the mean daily change of altitude (green
curve). The latter was about 50 m/days during the year
2009, but increased to a value of about 200 m/days during
the first part of 2010, partly due to the fact that the satel-
lite was turned by 180◦ in February 2010 (indicated by the
dashed red vertical line). Before that date CHAMP flew
with its boom in flight direction, which is a favorable condi-
tion regarding air drag but less optimal for attitude control.
Since February 2010 CHAMP flew with the boom backward,
making attitude control easier. After July 2010 the daily al-
titude decay increased rapidly to values of 500 m/day and
more.

Parameterization of the CHAOS-4 model follows closely
that of the previous versions in the CHAOS model series:
The model consists of spherical harmonic expansion coef-
ficients describing the magnetic field vector in an Earth-
Centered Earth-Fixed (ECEF) coordinate system, and sets
of Euler angles needed to rotate the vector readings from the
magnetometer frame to the star imager frame. The mag-
netic field vector in the ECEF frame, B = −∇V , is derived
from a magnetic scalar potential V = V int + V ext consist-
ing of a part, V int, describing internal (core and crustal)
sources, and a part, V ext, describing external (mainly mag-
netospheric) sources (including their Earth-induced coun-
terparts). Both parts are expanded in terms of spherical
harmonics.

For the internal part this yields

V int = a

Nint∑
n=1

n∑
m=0

(gmn cosmφ+ hm
n sinmφ)

(
a

r

)n+1

Pm
n (cos θ)

(1)

where a = 6371.2 km is a reference radius, (r, θ, φ) are geo-
graphic coordinates, Pm

n are the associated Schmidt semi-
normalized Legendre functions, {gmn , hm

n } are the Gauss co-
efficients describing internal sources, and Nint is the maxi-
mum degree and order of the internal expansion.

As mentioned before, the final CHAOS-4 model is
found by merging two sub-models, called CHAOS-4l, resp.

CHAOS-4h. They differ in maximum spherical harmonic
degree Nint of the static field, in the temporal parameteri-
zation of the low-degree (core field) terms, and in the data
sets that have been used to derive these sum-models. Details
are given below in sections 2.1 and 2.2.

Common for both sub-models is the parameterization of
external fields, with an expansion of the remote magneto-
spheric sources (magnetotail and magnetopause) in Geocen-
tric Solar Magnetospheric (GSM) coordinates (up to n = 2)
and of near magnetospheric sources (magnetospheric ring
current) in the Solar Magnetic (SM) coordinate system (also
up to n = 2):

V ext = a

2∑
n=1

n∑
m=0

(qmn cosmTd + smn sinmTd)
(
r

a

)n

Pm
n (cos θd)

+ a

1∑
m=0

(q̂m1 cosTd + ŝm1 sinTd) ·
{
Est(t)

(
r

a

)
+ Ist(t)

(
a

r

)2
}
Pm
1 (cos θd)(2)

+ a

2∑
n=1

q0,GSM
n R0

n(r, θ, φ)

where θd and Td are dipole co-latitude and dipole local time,
respectively.

The time dependence of degree-1 magnetospheric terms
in SM coordinates is parametrized by the Est and Ist indices
[Maus and Weidelt , 2004; Olsen et al., 2005]. In addition,
we solve for large-scale time-varying degree-1 external coeffi-
cients in bins of 12 hours length (for m = 0), or 5 days length
(for m = 1), similar to previous CHAOS model versions.

As part of the field modelling we co-estimate the Euler
angles of the rotation between the coordinate systems of the
vector magnetometer and of the star sensor providing at-
titude information. This part of model parametrization is
also similar to that used for CHAOS-2 and CHAOS-3.

In following we will describe in more detail the differ-
ent data and model parametrization used for the two sub-
models.

2.1. CHAOS-4l

CHAOS-4l is determined using the whole data set
(Ørsted, CHAMP and SAC-C satellite data plus observa-
tory monthly means) described above, with a sampling rate
of the satellite data of 60 seconds.

The maximum spherical harmonic degree of the inter-
nal field, Nint = 60, is similar as for CHAOS-2 and -3.
Internal Gauss coefficients {gmn (t), hm

n (t)} up to n = 20
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are time dependent; this dependence is described by or-
der 6 B-splines [Schumaker , 1981; De Boor , 2001] with a
6-month knot separation and five-fold knots at the end-
points, t = 1997.0 and t = 2011.0. This yields 29 interior
knots (at 1997.5, 1998.0, . . . , 2010.5) and 6 exterior knots at
each endpoint, 1997.0 and 2011.0, resulting in 33 basic B-
spline functions, Ml(t). Internal Gauss coefficients for de-
grees n = 21 − 60 are static. Time-dependent terms (for
degrees n = 1 − 20) and static terms (for n = 21 − 60) to-
gether result in a total of 15,760 internal Gauss coefficients.
Together with the 7,024 model parameters describing the
external field and the 828 parameters for the Euler angles
this yields a total number of model parameters of 15,760 +
7,024 + 828 = 23,612.

These model parameters are estimated by means of a reg-
ularized Iteratively Reweighted Least-Squares approach using
Huber weights, minimizing the cost function

eTC−1e + λ3m
T Λ

3
m + λ2m

T Λ
2
m (3)

where m is the model vector, the residuals vector e =
dobs − dmod is the difference between observation dobs and
model prediction dmod, and C is the data covariance matrix.

Λ
3

and Λ
2

are block diagonal regularization matrices
which constrains the third, respectively second, order time
derivatives of the core field. Contrary to previous versions
in the CHAOS model series, for which the field intensity,
|B|, is regularized, we have chosen to constrain the radial
field component, Br, for CHAOS-4. Λ

3
minimizes the mean

squared magnitude of

∣∣∣ ∂3Br
∂t3

∣∣∣, integrated over the core sur-

face Ωc (radius c = 3485 km) and averaged over time:〈∣∣∣∣∂3Br

∂t3

∣∣∣∣2
〉

=
1

∆t

2011∫
t=1997

∫ ∣∣∣∣∂3Br

∂t3

∣∣∣∣2 dΩc dt = mT Λ
3
m(4)

with ∆t = 2011.0− 1997.0 = 13 yrs.
Regularization of the third time derivative alone leads to

oscillating field behavior. To avoid this we also minimize
|B̈r|2 at the core surface at the model endpoints t = 1997.0
and 2011.0. This is implemented via the regularization ma-
trix Λ

2
. Note that Λ

2
only acts on 12 (the first and last six)

of the 33 spline basis functions.
The two parameters λ3 and λ2 control the strength of

the regularizations. We considered several values for these
parameters and finally selected λ3 = 1 (nT/yr3)−2 and
λ2 = 10 (nT/yr2)−2.

2.2. CHAOS-4h

CHAOS-4h is the high-degree part of the CHAOS-4
model. It is derived solely from CHAMP data obtained
between January 2009 and September 2010. Data sampling
interval is 30 seconds. Maximum spherical harmonic degree
of the internal model part is Nint = 100. A linear time de-
pendence is used to describe the temporal variation of core
field coefficients up to degree n = 16; coefficients between
n = 17 to 100 are assumed to be static. No temporal reg-
ularization is applied, but for spherical harmonic degrees
above n = 85 we minimize the mean value of |Br| averaged
over the Earth’s surface.

Similar to eq. 2 we minimize the cost function

eTC−1e + λ0m
T Λ

0
m (5)

using Iteratively Reweighted Least-Squares with Huber
weights, where Λ

0
constrains the mean squared magnitude

of |Br| for n > 85, integrated over the Earth surface Ωa

(radius r = a):〈
|Br|2

〉
=

∫
|Br|2 dΩa dt = mT Λ

0
m. (6)

Λ
0

is a diagonal matrix with elements (n+ 1)2/(2n+ 1) for
n > 95, zero elements for n < 85, and a smooth transition
between n = 85 and n = 95. We have chosen a damping
parameter of λ0 = 3.3 nT−2

When estimating high-degree magnetic field models us-
ing near-polar orbiting satellites special attention has to be
paid to the polar gaps, which are the regions around the
geographic poles of half-angle |90◦ − i| where i is the incli-
nation of the orbit. For CHAMP this values is i = 87.3◦,
which results in a polar gap of half-angle 2.7◦. Such a gap is
especially a problem for the proper determination of zonal
coefficients above n = 60. To avoid ringing at the poles we
therefore add to the CHAMP magnetic field data synthetic
scalar field values, synthesized within the polar gap from
model CHAOS-4l (which only goes up to n = 60).

2.3. Merging the two sub-models CHAOS-4l and
CHAOS-4h

The final CHAOS-4 model is obtained by combining
the spherical harmonic coefficients of the two sub-models
CHAOS-4 and CHAOS-4h. Spherical harmonic coefficients
up to n = 24 (which includes the time-changing core field)
and the external field are taken from CHAOS-4l, while the
crustal field coefficients for degrees n = 25 to 100 are taken
from CHAOS-4h. n = 25 was chosen as the transition de-
gree since it was found that degree correlation ρn between
the two models reaches a maximum of ρn = 0.996 at that de-
gree while the relative difference (degree variance of model
difference divided by degree variance of CHAOS-4 is less
than 1%) is minimal.

3. Results and discussion

The total number of data points, residual means and root
mean squared (rms) values of the two model versions are
listed in Table 1. Means and rms are the weighted val-
ues calculated from the model residuals e = dobs − dmod

using the Huber weights w obtained in the last iteration.
The obtained rms-misfit values (about 2.5 nT for the mag-
netic field intensity at non-polar latitudes and 4 to 6 nT
at polar latitudes) are comparable to those of the previous
versions of the CHAOS model series. Note that solving for
the crustal field up to degree n = 100 (CHAOS-4h) reduces
the CHAMP rms misfit only marginally compared to solving
only up to n = 60 (CHAOS-4l), indicating the weakness of
the high-degree crustal field signal at satellite altitude.

Despite of that a remarkable improvement in the deter-
mination of the lithospheric field is possible by taking ad-
vantage of the low-altitude CHAMP data. The right part
of Figure 3 shows the spatial power spectrum of CHAOS-4
(black dots) and of various versions of the MF model series
determined by Stefan Maus and co-workers. Up to spherical
harmonic degree n = 80 the power of CHAOS-4 is very sim-
ilar to that of MF7 [Maus, 2010], which is the most recent
version in the MF model series. The power of previous ver-
sions in the MF series is though smaller than that of MF7
and CHAOS-4. Noteworthy is how the spectral power of
the MF models increases with increasing version number:
for degrees n = 16 − 60 the power of MF5 is 15% below
that of CHAOS-4 while it is similar to that of CHAOS-4
within 1% for the later versions MF6 and MF7. For higher
degrees (n = 61− 80) the power of MF6 is as much as 30%
below that of CHAOS-4. The underestimation of the litho-
spheric signal by MF6 has been corrected for with MF7,
the power of which is very close to that of CHAOS-4. This
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Table 1. Number N of data points, mean, and rms misfit (in nT for the satellite data, and in nT/yr for the
observatory data) for CHAOS-4l and CHAOS-4h.

CHAOS-4l CHAOS-4h
component N mean rms N mean rms

satellite Ørsted Fpolar 114,312 0.92 4.27
Fnonpolar + BB 412,765 0.42 2.26
B⊥ 144,515 -0.04 7.72
B3 144,515 -0.01 3.62

CHAMP Fpolar 149,130 -0.86 6.63 158,856 -0.89 6.57
Fnonpolar + BB 268,559 -0.59 2.47 286,535 -0.61 2.46
B⊥ 254,289 0.01 3.50 272,123 0.01 3.51
B3 254,289 0.02 3.54 272,123 0.02 3.56

SAC-C Fpolar 35,329 0.02 4.21
Fnonpolar 143,540 0.13 2.62

observatory dX/dt 15,756 -0.26 7.26
dY/dt 15,756 -0.12 4.91
dZ/dt 15,756 0.10 6.88

change in power illustrates the effect of high-pass filtering
that is used for deriving the MF models; earlier model ver-
sions have been derived using heavier filtering compared to
more recent versions, which resulted in a lithospheric sig-
nal of reduced amplitude. Filtering is relaxed for the most
recent versions of the MF series which clearly results in in-
creased lithospheric signal. For MF7 filtering is only ap-
plied for degrees above n = 77; up to that degree CHAOS-4
and MF7 are very similar. The above mentioned finding
regarding the effect of along-track filtering indicates that
MF7 probably underestimates the crustal field signal for de-
grees above n = 77. The upcoming Swarm constellation
mission consisting of three identical satellites, two of which
are flying side-by-side at low altitude, will give an excellent
opportunity to investigate this further. Experiments based
on synthetic data have shown that the crustal field up to
degree n = 150 can be robustly determined without along-
track filtering [Sabaka and Olsen, 2006; Olsen et al., 2007;
Tøffner-Clausen et al., 2010].

In addition to the spectra of the various crustal field sig-
nal, the left part of figure 3 shows also the spectra of the
differences between CHAOS-4 and various other field mod-
els, which is smallest when comparing CHAOS-4 with MF7.
These differences give an indication of the present uncer-
tainty in crustal field modeling. The fact that the crustal
field power is well above the power of the difference between
CHAOS-4 and MF7 – two models which have been derived
using fairly different approaches – confirms that crustal field
structures at least up to degree n = 80, corresponding to a
horizontal wavelength of 500 km, are currently robustly de-
termined.

The right part of Figure 3 shows degree correlation ρn
(see eq. (4.23) of Langel and Hinze [1998] for a definition)
between CHAOS-4 and various other field models. Highest
correlation is obtained with MF7, where degree correlation
is above 0.97 for n ≤ 60 and above 0.85 up to n ≤ 80.

The left part of Figure 4 shows the sensitivity matrix
S(n,m), which is the relative difference of each coefficient
of CHAOS-4 and MF7 in a degree versus order matrix;
the right part shows that of the difference CHAOS-4 and
MF6. Also this figure confirms the better agreement be-
tween CHAOS-4 and MF7 compared to MF6. There exist,
however, certain spherical harmonic orders for which the dif-
ference between CHAOS-4 and MF7 is especially large, for
instance around m = 60.
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Figure 3. Left: Power spectra of the static field (dots) and of the field differences (solid lines). Right:
Degree correlation for various models.

Figure 4. Sensitivity matrix (normalized coefficient differences in %) between CHAOS-4 and MF7 (left),
resp. MF6 (right).
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nT

Figure 5. Top: Map of the radial magnetic field (in nT) at ground, calculated from coefficients of
degrees n = 16− 100. Bottom: radial field differences between CHAOS-4 and MF7.

4. Conclusions

Coefficients and data sets for the CHAOS-4 model
versions are available at www.space.dtu.dk/files/magnetic-
models/CHAOS-4/.
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